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Nagai, Toshiki (Ph.D., Aerospace Engineering Sciences)
Space-Time Extended Finite Element Method
with Applications to Fluid-Structure Interaction Problems

Thesis directed by Prof. Kurt Maute

This thesis presents a space-time extended finite element method (space-time XFEM)
based on the Heaviside enrichment for transient problems with moving interfaces, and its
applications to the fluid-structure interaction (FSI) analysis. The Heaviside-enriched XFEM
is a promising method to discretize partial differential equations with discontinuities in space.
However, significant approximation errors are introduced by time stepping schemes when the
interface geometry changes in time. The proposed space-time XFEM applies the finite el-
ement discretization and the Heaviside enrichment in both space and time with elements
forming a space-time slab. A simple space-time scheme is introduced to integrate the weak
form of the governing equations. This scheme considers spatial intersection configuration at
multiple temporal integration points. Standard spatial integration techniques can be applied
for each spatial configuration. Nitsche’s method and the face-oriented ghost-penalty method
are extended to the proposed space-time XFEM formulation. The stability, accuracy and
flexibility of the space-time XFEM for various interface conditions including moving inter-
faces are demonstrated with structural and fluid problems. Moreover, the space-time XFEM
enables analyzing complex FSI problems using moving interfaces, such as FSI with contact.
Two FSI methods using moving interfaces (full-Eulerian FSI and Lagrangian-immersed FSI)
are studied. The Lagrangian-immersed FSI method is a mixed formulation of Lagrangian
and Eulerian descriptions. As solid and fluid meshes are independently defined, the FSI
is computed between non-matching interfaces based on Nitsche’s method and projection
techniques adopted from computational contact mechanics. The stabilized Lagrange mul-
tiplier method is used for contact. Numerical examples of FSI and FSI-contact problems

provide insight into the characteristics of the combination of the space-time XFEM and
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the Lagrangian-immersed FSI method. The proposed combination is a promising method

which has the versatility for various multi-physics simulations and the applicability such as

optimization.
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Chapter 1

Introduction

1.1 Motivation and Research Overview

Partial differential equations (PDEs) are fundamentals of continuous physical phenomenon
and important mathematical background for engineering. Focusing on numerical simulation
methods of a partial differential equation, finite deference method (FDM) [1, 2, 3, 4, 5, 6],
finite element method (FEM) [7, 8, 9, 10, 11, 12, 13, 14, 15], finite volume method (FVM)
[16, 17, 18, 19, 20, 21] and isogeometric analysis (IGA) [22, 23, 24, 25, 26] are representative
methods. While there are hundreds of numerical simulation methods for a partial differential
equation, the FEM is a widely used method in both academia and industry because of its
mathematical background such as functional analysis, well-developed numerical techniques
and its versatility for various types of application.

The FEM is based on the weak form of the PDE and discretizes an integration domain
into finite-size small domains called as finite elements. The state variables are approximated
by shape functions of the FEM. Interfaces in an integration domain are explicitly represented
by edges of finite elements. As the quality of meshing affects results of numerical integration,
various meshing techniques have been developed and the meshing part is one of the com-
putationally most demanding parts in the finite element analysis. In particular, the FEM
with moving interfaces requires continuously updating the interface and thus, remeshing is
essential to track the motion of moving interfaces.

To overcome the high computational cost of meshing, immersed boundary analysis meth-
ods are alternative approaches for modeling geometry. Explicit representation of an interface

such as edges of finite elements is not needed and interfaces are immersed within a compu-
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tational domain implicitly. A combination of the finite element method and an immersed
boundary modeling approach is the eXtended Finite Element Method (XFEM). The XFEM
is an immersed boundary method that can handle discontinuity of state variables within
one element by introducing enrichment functions, in addition to the standard finite element
shape functions. To integrate the weak form of governing equations, the XFEM decomposes
finite elements based on the intersection configuration defined by the iso-contour of the level
set function ¢ [27, 28]. The kink enrichment strategy is typically used for problems with
weak discontinuities (C' discontinuities). The Heaviside enrichment strategy is proposed
for problems with strong discontinuities (C° discontinuities) and thus, it is applicable to
a broader class of problems in comparison to kink enrichments. Hansbo and Hansbo [29]
proposed one attractive XFEM formulation using the Heaviside enrichment. The spatial

discretization for a two-phase problem is as follows in this case:

u(e) = 3 (H(-0() - NM(@)stiu™ + H{o(@) Y- Nl ™) (L

where M is the number of enrichment levels, N, is the number of nodes in the element,
N;(X) are the shape functions, u?™ is a set of state variables of enrichment level m at node
i interpolating in phase p. The Heaviside function turns on/off two sets of shape functions
associated with two phases A and B. For each phase, multiple enrichment levels, i.e. sets
of shape functions, might be necessary to interpolate each state variable. The Kronecker
delta (55,;2 selects the active enrichment level ¢ for node i such that state variables at a spatial
point x are interpolated by only one set of state variables defined at node ¢, satisfying the
partition of unity principle. Benefits of (1.1) are that state variables are approximated by
superposing solutions at both phase computed by the finite element method (FEM) and that
non-intersected elements can be computed by the standard fashion of the FEM. Therefore,

(1.1) has convenient structure for the actual implementation. The reader is also referred to

Fries and Belytschko [30, 31}, Khoei [32], Mohammadi [33], Makhija and Maute [34], Terada
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et al. [35] and Tran et al. [36] as an introduction and general outline of the XFEM.

A drawback of the Heaviside-enriched XFEM (1.1) is the complexity of accurately pre-
dicting the response of transient problems with moving interfaces. Figure 1.1 illustrates a
transient two-phase problem with a moving interface, considering four elements around an
interface at previous time t"~! (left) and current time ¢" (right). The shaded region is phase

A and the non-shaded region is phase B.

X, X,

ox, (p ox;, QOp

Q4 Q4
t=t"1 t=t"

Figure 1.1: Problem of Heaviside-enriched XFEM using time stepping scheme

Focusing on the green element (top right element), this element is not intersected at
t = "1 and intersected at ¢t = t" as an interface moves. The spatial point x5 belongs to
phase B at both time and thus, the approximation of time derivative terms can be evaluated
by time stepping schemes; e.g. du™ /0t ~ (u™ —u""1)/At. On the other hand, the phase at

a spatial point @, changes from A to B as follows:

u"(xy) = ZNi(ml)uf at t" !, (1.2)
u'(z1) = > Ni(@)u] at 1" . (1.3)

In this case, a subtraction; u™(x;) — u" !(x;), is meaningless because of the phase change
at t"! and t" and thus, time stepping schemes fail to approximate time derivative terms.
To mitigate this error, the ghost fluid method [37, 38, 39, 40] have been introduced.

In order to avoid time integration errors due to moving interfaces, the space-time XFEM

has.been-proposed-as.a.combination of the XFEM and the space-time formulation [41, 42, 43,
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44]. Chessa and Belytschko [45, 46] presented a space-time XFEM based on the Heaviside
enrichment for spatially one-dimensional equations. Lehrenfeld [47] proposed a space-time
XFEM approach and demonstrated its capability using a spatially three-dimensional con-
vection diffusion equation with a moving interface. The work of [47] is restricted to linear
problems because the convective velocity is analytically defined. The decomposition of a
space-time domain is necessary in the space-time XFEM to generate space-time intersection
configuration for numerical integration. [47] uses a four-dimensional simplex triangulation
like Behr [48] and Neumiiller et al. [49]. This approach is rather complex and leads to
an involved implementation. Zahedi [50] also presented a space-time XFEM for spatially
two-dimensional convection-diffusion equations using analytical convection velocity. [50] in-
troduced a simple space-time integration strategy that relies on the summation of spatial
integration at multiple temporal quadrature points in a space-time slab. However, this sim-
ple space-time integration leads to errors when a small intersected volume is created, because
temporal quadrature points are independently defined without considering the location of
space-time interfaces. This issue will be discussed in more detail later.

The XFEM suffers from ill-conditioning because of small intersected volume generated
by immersed boundaries. Such configurations are frequently created by moving interfaces.
The ill-conditioning causes slow convergence of linear solvers and may lead to the divergence
of nonlinear solvers. To mitigate this ill-conditioning problem, several methods have been
proposed such as preconditioning schemes [51, 52, 53, 54| and the face-oriented ghost-penalty
method (Burman and Hansbo [55, 56]). The face-oriented ghost-penalty method penalizes
the jump of numerical flux across two adjacent intersected elements and thus, controls the
spatial gradients of the state variables in the vicinity of interfaces. Zahedi [50] expanded this
method for the space-time XFEM and succeeded to mitigate the ill-conditioning for spatially
two-dimensional convection-diffusion equations.

The realization of a stable and robust computational method for moving interfaces such
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as the space-time XFEM, enhances significantly the flexibility of numerical computations for
complex systems. Fluid-structure interaction (FSI) represents one class of problems which
can benefit from the correct mathematical treatment of moving interfaces. FSI describes the
interaction between the fluid forces that act on a structure and the change in geometry of
the fluid-solid interface as a result of structural deformations. FSI is widely found in physics
and various engineering applications. F'SI needs to be considered in the design of industrial
products such as tires, airbags, aircraft, trains, vehicles and so on. In addition, FSI plays an
important role in bio-mechanics and the design of bio-mechanical devices.

A class of problems of particular interest is FSI with solid bodies undergoing mechanical
contact. Tires on a wet road and inflation of an airbag are typical examples of FSI-contact
problems. Similar problems are encountered in the design of bio-medical in-vivo robotic
devices (Figure 1.3), which has tires made by the tread of the rubber-like material and

moves on the intestinal wall with these tires to inspect the condition of organ tissues.

Elastic
Solid Qs

(Tire)

Elastic Solid (Intestinal Tract or Road)

Figure 1.2: Contact on wet surface

Computational methods of the fluid-structure interaction (FSI) problems have been
widely proposed. The most popular method is the Arbitrary Lagrangian and Eulerian (ALE)
method (Belytschko et al. [58], Huerta et al. [59, 60], Nitikitpaiboon and Bathe [61, 62],
Bathe et al. [63]). In the ALE-FSI method, the solid phase is defined by body-fitted meshes
based on the Lagrangian description. The fluid phase is also represented by body-fitted

meshes that deform in response to the structural deformations. The main advantage of
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Figure 1.3: In-vivo Micro Device [57]

the ALE-FSI is that the interface between solid and fluid phase is defined explicitly be-
cause both phases are represented by the body-fitted mesh. However, the computation is
not very robust, especially when body-fitted fluid mesh undergoes large deformations and
fluid elements are severely distorted. Moreover, considering contact phenomena within the
FSI system, the fluid phase within the contact region should be vanished. The topology of
body-fitted meshes of the fluid is not preserved in this case. The flexibility of the ALE-FSI
method is insufficient for problems which contains large deformation and contact like tires.

To overcome difficulties of the ALE-FSI, several non-standard FSI methods have been
proposed. One of non-standard FSI methods to handle FSI-contact problems, is the full-
Eulerian FST method (Frei, Richter, et al. [64, 65], Richter [66], Kamrin et al. [67, 68]),
which is based on the Eulerian description (spatial description) of both, the solid and fluid
phase. As there is no body-fitted mesh, numerical instability due to the distortion of meshes
does not occur. Therefore, this method is more robust than the ALE method for complex
FSI problems with large deformation and contact. The main challenge of the full-Eulerian
FSI method is the treatment of the solid phase using the Eulerian description. The problem
of previous works of the full-Eulerian FSI method is that these works use the standard FEM
or FVM and thus, very fine meshes are essential to capture reasonable interfaces. This is

epresented by an immersed boundary modeling within fixed back
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ground meshes, not by body-fitted meshes.

Another non-standard FSI method is the mixed Lagrangian and Eulerian formulation.
Mayer, Wall, et al. [69, 70] proposed the XFEM based fixed grid approach using the ghost-
fluid method to handle FSI and contact simultaneously. In the XFEM based fixed grid
approach, solid and fluid phases are defined by the Lagrangian and Eulerian description
respectively. The benefit of this method is that there is no limitation on the deformation
of the solid because the computation of the fluid phase is always performed on a fixed
background mesh. Conventional contact formulations can be directly applied. However,
the ghost-fluid method is needed to treat moving interfaces in a transient problem because
the XFEM based fixed grid approach uses the XFEM with the time stepping scheme. In

addition, a complex technique for the update of the geometry is necessary.

1.2 Original Works

This thesis contributes to the development of the space-time XFEM and non-standard
FSI method using the XFEM framework. The combination of the space-time XFEM and
non-standard FSI method is a promising method for the stable and robust computation of
the complex FSI system such as FSI-contact problems.

The first contribution of this thesis is a space-time XFEM based on the Heaviside en-
richment for transient problems with moving interfaces. This thesis introduces a simple
space-time integration based on the summation of spatial integration at multiple temporal
quadrature points. Each space-time element is subdivided into multiple temporal layers
along time considering its intersection configuration. Then, temporal integration points are
defined in each temporal layer based on the quadrature rule and called as the temporal
slices. For each temporal slice, one quadrature point is set at its central position in time.
Thus, the elementwise space-time integration is performed by the summation of piece-wise

constant integration in time. While the proposed integration is similar to [50], more precise
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space-time integration is achieved because all small intersection configurations are taken into
account for the setting of temporal quadrature points. As the proposed method only relies
on the triangulation in space, the proposed space-time integration is directly applicable to
spatially three-dimensional problems without simplex triangulation like [47]. This space-time
integration is named as the elementwise temporal layer approach. This thesis studies spa-
tially two-dimensional structural and fluid problems using the proposed space-time XFEM.
While previous studies by [47] and [50] considered linear problems, this thesis focuses on
nonlinear problems. A structural problem assumes the finite strain theory and nonlinear
elastic material as a structural model. At fluid problems, this thesis uses the incompressible
Navier-Stokes fluid and the variational multiscale method (Hughes et al. [71], Schott et
al. [72, 73]) is applied for the stabilization of the convection and incompressibility terms.
Nitsche’s method of Hansbo et al. [74] is used to enforce space-time interface conditions in
both structural and fluid problems. The face-oriented ghost-penalty method is applied for
nonlinear elastic solid and incompressible Navier-Stokes fluid in the space-time XFEM. Nu-
merical examples of structural and fluid problems including both fixed and moving interfaces
are studied by the proposed space-time XFEM. Through these numerical examples, the pro-
posed method, a space-time XFEM based on the elementwise temporal layer approach using
the face-oriented ghost-penalty stabilization, is a stable and robust computational method
for transient problems with moving interfaces.

The second contribution of this thesis is the study of non-standard FSI methods using
the XFEM framework for complex FSI-contact phenomenon. The full-Eulerian FSI method
using the XFEM is studied. In the full-Eulerian FSI method, the interface is driven by the
propagation of the level set function. This level set function is also used for the enrichment
strategy of the XFEM and thus, the XFEM has a high affinity for the full-Eulerian FSI
method. The capability of the full-Eulerian FSI method using the XFEM is studied for the

FSI analysis with large deformation in this thesis.
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The Lagrangian-immersed FSI method using the XFEM is proposed as one of non-
standard FSI methods to capture FSI-contact phenomenon. In this method, both the solid
and fluid phases are defined by the Lagrangian and Eulerian description respectively. While
the treatment of physical description is identical to Mayer, Wall, et al. [69, 70], there are dis-
tinct differences in terms of the update of geometry. In the proposed Lagrangian-immersed
FSI method, solid and fluid are separately defined and solid structures should be immersed
within the fluid mesh. To generate reasonable interfaces in the fluid phase considering the
deformation of the solid phase, the level set projection method is introduced. Immersed
interfaces in the fluid mesh are created by the minimization problem of level set functions
between solid and fluid. The level set projection method is combined with the weak form of
FSI and thus, the update of geometry is performed automatically at the solver part without
any additional technique. The FSI interface integral is computed between non-matching
Lagrangian and Eulerian interfaces based on Nitsche’s method. The fluid-solid coupling is
enforced by formulations and techniques adopted from computational contact mechanics such
as a master-slave concept. Proposed Lagrangian-immersed FSI method achieved simpler im-
plementation than [69, 70]. As the solid phase is defined by the Lagrangian description, the
scheme of conventional contact formulations, e.g. the stabilized Lagrange multiplier method
proposed by [75] is directly applicable. Comparing the Lagrangian-immersed FSI method
to the full-Eulerian FSI method, the Lagrangian-immersed FSI method seems to be more
flexible and scalable than the full-Eulerian FSI method. However, the combination of these
non-standard FSI methods with the XFEM still suffers from numerical time integration
errors due to moving interfaces discussed above.

The combination of the space-time XFEM and the Lagrangian-immersed FSI method is
finally proposed as the third contribution of this thesis. The space-time FSI formulation and
space-time contact formulation based on non-matching space-time interfaces are developed.

Based on the space-time formulation, the effect of moving interfaces in the Lagrangian-
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immersed FSI method is stably computed and a stable and robust FSI-contact analysis
method is achieved. The proposed combination is shown to be a promising computational
method for the robust and flexible FSI-contact problem and also beneficial in terms of the

sensitivity analysis at the optimization scheme and gradient-based design optimization.
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1.3 Thesis Outline

This thesis is organized as follows. Chapter 2 summarizes the theory of the eXtended
Finite Element Method (XFEM) based on the Heaviside enrichment strategy. In Chapter
3, the space-time eXtended Finite Element Method (space-time XFEM) based on the ele-
mentwise temporal layer approach is proposed. The mathematical theory and the numerical
implementation of the proposed space-time XFEM are discussed. In addition, the ease of
the numerical implementation of the proposed space-time XFEM is demonstrated and ap-
plications to both structural and fluid problems including moving interfaces are presented.

The following three chapters study the fluid-structure interaction (FSI) problems using
the standard XFEM and the conventional time integration scheme. Chapter 4 provides
a brief summary of FSI formulations and numerical methods. Chapters 5 and 6 study
non-standard computational methods for FSI problems that involve complex geometrical
nonlinearity such as large deformation and contact. Chapter 5 focuses on the full-Eulerian
FSI method using the XFEM and the conservative level set function (CLSF) method. In
Chapter 6, the Lagrangian-immersed FSI method using the XFEM is discussed. Flexible
steady-state FSI analysis methods are proposed in this chapter. Moreover, the stabilized
Lagrange multiplier method for contact is described and the capability of the Lagrangian-
immersed FSI method for FSI-contact problems is demonstrated. Chapter 7 summarizes
the application of the proposed space-time XFEM to the Lagrangian-immersed FSI method.
The theory and its numerical implementation for FSI and contact based on the space-time
formulation are described. The stability and accuracy of the combination of the space-time
XFEM and the Lagrangian-immersed FSI method are demonstrated using a transient FSI
problem including large deformation, a well-known Turek-Hron FSI benchmark problem and
a multibody FSI-contact problem. Finally, Chapter 8 summarizes the contribution of this
thesis and describes the applicability of this research towards multi-physics analyses and

optimization schemes.
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Chapter 2

Extended Finite Element Method

2.1 Outline

The extended finite element method (XFEM) is an immersed boundary method that can
handle discontinuities of state variables within one element by introducing enrichment func-
tions in addition to finite element shape functions. The kink enrichment strategy is proposed
for the weak discontinuities (C! discontinuities). The Heaviside enrichment strategy is pro-
posed for problems with strong discontinuities (C° discontinuities) and thus, it is applicable
to a broader class of problems in comparison to kink enrichments.

This chapter focuses on the Heaviside-enriched XFEM and summarizes its theory by com-
paring the FEM. This chapter references works of Freis [30, 76], Makhija [34], Mohammadi
[33] and Song [77].

2.2 Spatial Discretization based on FEM

Consider the spatial discretization of the state variables w based on the finite element

method (FEM). The discretized form of the state variables is as follows:

u(x) = ZNl(ZB)’u,Z : (2.1)

where N;(X) is the shape function, N, is the number of node, and w; is a set of state variables
at node i. A solution at an arbitrary point @ is interpolated by nodal solution vectors wu;

which belong to the element that contains @. A set of shape functions satisfies the partition
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of unity principle at any given location a:

> Ni(z)=1 . (2.2)

i=1
2.3 Spatial Discretization based on XFEM (Belytschko’s Method)

On the other hand, elements of the XFEM have internal interfaces. The discontinuities
of state variables are captured within one finite elements along an interface. To represent
internal implicit interfaces, an enrichment function is introduced. One popular form of the
XFEM is Belytschko’s method, which is usually applied to the crack propagation analysis.

In this case, the spatial discretization based on the XFEM is denoted as follows:
Ne Ne
u(x) = Z Ni(z)u; + Z Ni(z)y(z)a; , (2.3)
i=1 i=1

where N;(a) is the enriched basis function, which are usually identical to the standard shape
functions N;(x) but not necessarily identical to it. a; are an additional nodal unknown and
() is the enrichment function. The first term of RHS is the term of the standard finite
element discretization corresponding to (2.1) and the second term of RHS is the term of the
local enrichment approximation. Belytschko’s method represents discontinuities across the
interfaces by the linear combination of regular components of the FEM and additional local
components by the enrichment. But the approximation (2.3) is not correct (u(x;) # u;)
when the essential boundary condition is applied. To recover the Kronecker-§ property of

the standard finite element approximation, (2.3) can be modified as the following shifted

approximation:
u(x) = Z Ni(z)u; + Z Ni(z) (v(z) — ¥(x:))a; - (2.4)

(2.4) is the shifted global enrichment of the spatial discretization based on Belytschko’s

method. By choosing N; = N; as the standard shape functions, this approximation sat-
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isfies the partition of unity principle like the FEM. Extending (2.4) to the case of several

enrichment levels, then:

= 2 N;(x)u; + Z i: N wm(wz)) ’ (2.5)

where M is the total number of enrichment levels. There are several enrichment strategies.
In this research, the Heaviside-enriched level-set based XFEM is used. The Heaviside step

function H is used as the enrichment function ¢ as follows:

— Z N;(z)u; + Z Ni(z)(H(¢(z)) — H(d(x,)))a; , (2.6)

H(z) = . (2.7)

In (2.6), the function ¢(x) defines the interface I' as the iso-contour ¢(x) = 0. This ¢(x) is

the level set function in this research.

2.4 Spatial Discretization based on XFEM (Hansbo’s Method)

Hansbo and Hansbo [29] proposed an attractive XFEM formulation based on the Heavi-
side enrichment. This method is also based on the partition of unity and inspired by Babuska
[78, 79]. Considering the spatial discretization of the state variables w by the Heaviside-

enriched level-set based XFEM proposed at [29], the spatial discretization is denoted as

follows:
u(a;)zz(H(—qb(a;))iN( )it + ZN )65y, Bm). (2.8)

The number of enrichment levels is denoted by M, N, is the number of nodes in the element,

p,m

N;(X) are the shape functions, u?™ is a set of state variables of enrichment level m at node

i interpolating in phase p. The Heaviside function turns on/off two sets of shape functions
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associated with two phases A and B. For each phase, multiple enrichment levels, i.e. sets of
shape functions, might be necessary to interpolate each state variable. The Kronecker delta
5% selects the active enrichment level ¢ for node ¢ such that state variables at a spatial point
x are interpolated by only one set of state variables defined at node ¢, satisfying the partition
of unity principle. For further description, see Makhija and Maute [34], Terada et al. [35]
and Tran et al. [36]. In non-intersected elements, the solution field is approximated by the
standard finite element interpolation. The enrichment level for these elements is chosen to
maintain continuous state variables across element boundaries.

Benefits of (2.8) are that state variables are approximated by superposing solutions at
both phase computed by the finite element method (FEM) and that non-intersected elements
can be computed by the standard fashion of the FEM. Therefore, the numerical implemen-
tation of Hansbo’s method is much more convenient than Belytschko’s method (2.3). The
equivalence of Hansbo’s method and Belytschko’s method is proven by Song et al. [77].
The benefit of (2.8) is that (2.8) is only considered at the intersected elements cut by the
interfaces and other non-intersected elements can be treated by the standard fashion of the
FEM. This feature is very beneficial for the implementation of the XFEM and thus, this

form is used in this thesis.
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Chapter 3

Space-Time Extended Finite Element Method

3.1 Outline

This chapter presents a space-time XFEM based on the Heaviside enrichment for tran-
sient problems with moving interfaces, using Hansbo’s method (2.8). This thesis introduces
a simple space-time integration based on the summation of spatial integration at multiple
temporal quadrature points. Each space-time element is subdivided into multiple temporal
layers along time by considering its intersection configuration. Then, temporal integration
points are defined in each temporal layer based on the quadrature rule and called as the
temporal slices. While the proposed integration is similar to [50], more precise space-time
integration can be achieved than [50] because all small intersection configurations are taken
into account for the setting of temporal quadrature points. As this thesis only relies on the
triangulation in space, the proposed space-time integration is directly applicable to spatially
three-dimensional problems without the simplex triangulation like [47]. This space-time in-
tegration is named as the elementwise temporal layer approach. This thesis studies spatially
two-dimensional structural and fluid problems using the proposed space-time XFEM. While
the previous studies by [47] and [50] considered linear problems, this thesis focuses on non-
linear problems. The finite strain theory is assumed and a nonlinear elastic material is used
as a solid model. At fluid problems, this thesis uses the incompressible Navier-Stokes fluid
and the variational multiscale method [71, 72, 73] is applied for the stabilization of the con-
vection and incompressibility terms. Nitsche’s method based on Hansbo et al. [74] is used
for space-time interface conditions in both structural and fluid problems. The face-oriented

ghost-penalty method is also applied for nonlinear elastic solid and incompressible Navier-
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Stokes fluid in the space-time XFEM. This chapter demonstrates the efficiency and stability
of the proposed space-time XFEM through practical transient problems with both fixed and
moving interfaces.

The remainder of this chapter is summarized as follows: Section 3.2 is a brief summary
of a general weak form for the XFEM as a conventional method. Section 3.3 denotes the
Heaviside-enriched space-time XFEM in comparison with Section 3.2. It should be noted that
the XFEM means the Heaviside-enriched XFEM at the following discussions. In Section 3.4,
characteristic numerical implementations in terms of space-time integration points and the
face-oriented ghost-penalty stabilization are summarized. Section 3.5 is a numerical example
of spatially two-dimensional transient structural analysis with nonlinear elastic material.
Besides, two numerical examples of spatially two-dimensional transient fluid analysis using
the incompressible Navier-Stokes fluid are demonstrated in Section 3.6. As a fixed interface
problem, a well-known fluid benchmark problem: DFG 2D-3 problem (Schéfer and Turek
[80]) is computed. As a moving interface problem, flow around an in-line oscillating cylinder

is computed.

3.2 Extended Finite Element Method (XFEM)

This section is a brief summary of a general weak form for the XFEM using (2.8). The
reader is referred to Chapter 3 for the outline of the XFEM. The XFEM is based on a
weak form of partial differential equations, which is integrated over entire spatial domain.
Assuming a transient two-phase problem, ¢¥(u", 4", t") is a volume contribution of govern-
ing equations defined in the spatial volume of phase p at time ¢": Q" nf(u™ 4", t") is a

n,p

Neumann boundary condition of phase p at time t™: I'\", and h;(u", 4", t") is a boundary

condition including discontinuities across an interface at time ¢": I'7,:

Governing equations (volume): gt (u”, u”, t”) =0 in Q™P (3.1)

Neumann boundary conditions: n? (u”", u",t") =0 on IV (3.2)
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Interface conditions: hi(u”, 4", t") =0 on I, . (3.3)
A general weak form using (3.1) ~ (3.3) at time " can be denoted as follows:
Z/ dQY wlyg uut”—i—Z/ dl winl (u™, u", t")
p=A,B Qnp p=A,B
+/ dl wi™ h;(u™, 4", t") = 0 . (3.4)

int

Here, w! is an admissible test function of phase p = {A, B} and w"* is an admissible test
function on the interface between phase A and B.

As the finite element discretization is applied only in the spatial domain, a time derivative
of the state variables w is approximated by the time stepping scheme. In this case, @ is a
functional of a set of w, @ and 4 up to time t": {u}", {u}" and {&}". Major approximations

of u™ are as follows:
BDF1: " =u"u", v = —(u"—u") (3.5)

s n N, N n—1 n—2 3 n 4 n—1 1 n—2
BDF2: ' =4"[u", U U = —— (U — -u —i-gu , (3.6)
Newmark: 4" =4"[u

ﬁlt(u —u" )+ <1 — %)'d”_l + (1 QB)Atu“ b (3.7)

where At is a time increment, v and [ are parameters for the Newmark method (3.7).

3.3 Space-Time Extended Finite Element Method (Space-time XFEM)

Section 3.2 shows a general weak form for the XFEM and time derivative terms are
approximated by time stepping schemes. Spatial and temporal domains are distinguished
as separated fields and different discretization schemes are used in both domains. However,
there is no distinction between space and time as mathematical coordinate axes. Therefore,
the finite element discretization also can be applied to the temporal domain.

This,section summarizes, the space-time extended finite element method (space-time
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XFEM) as a combination of the XFEM and the space-time formulation. The space-time
XFEM applies the finite element discretization in both space and time. State variables are
approximated by the finite element method in a space-time domain without the need for a
time stepping scheme. The weak form is integrated over an entire space-time domain. The
space-time volume, which is generally denoted by @, has one order higher dimension than
the spatial volume €2. A boundary of ) is denoted as P. Table 3.1 is the summary of the
notation of volume and boundary of a space-time slab.

Table 3.1: Notation of volume and boundary
| || Spatial Domain | Space-Time Slab |

Volume Q, dQ O=QaT, dQ = dQdt
Boundary r, dr P=Ta&T, dP =dl'dt
t Volume t Boundary
s '\*\\\ P_n+ 1,B
gnt [ e
“~~l" _Qn,B
Pt
- ‘Is\‘-‘ - Qn,A
i e < < pna

Qn =0 @ ]tn’ tn+1[
Qn — Qn,A u Qn,B

Figure 3.2: Volume and boundaries in a space-time
Figure 3.1: Space-time slab slab Q"

In this thesis, the space-time XFEM uses a continuous Galerkin method in space. A
discontinuous Galerkin method [81, 82] is used in time to enhance the convergence by weakly
averaging continuities on temporal boundaries. A key concept of the space-time XFEM is a
space-time slab. A space-time slab is a subdivided portion of an entire space-time domain

a,image of subdivision of a space-time domain into space-time
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slabs. Adjacent space-time slabs are disconnected due to a discontinuous Galerkin method
to weakly enforce continuities between slabs. Figure 3.2 is an image of space-time volume
and boundaries in a space-time slab @™ (middle slab in Figure 3.1). @™ does not contain
time " and ¢"*'. Its lower and upper temporal bounds are denoted as ¢’} and "1 which

deviate from ¢" and t"*! in an infinitesimal value § like (3.8):
th=t"+0, t"l=¢tlog. (3.8)

Boundary P of this slab Q" is denoted as P*. P"™"" and P}’ denote boundaries on the

L denotes

upper temporal bound and lower temporal bound ¢’ related to phase p. P

int
an interface in a space-time slab Q. Furthermore, a space-time slab is divided into space-
time elements ()" based on the finite element discretization. In this thesis, the number of
space-time element along time axis is always one.

The space-time XFEM in this thesis applies the Heaviside-enriched XFEM (2.8) to a
generalized coordinate including space and time z = (x,):

u(e) = 3 (H(-02) M0k + H(0(2) Y M) (39)

m=1
where N5 is the number of nodes in a space-time element and different from N, of a spatial
element described at the previous section. A space-time element has one order higher di-
mension than a spatial element: if a spatial element is a 2D element (e.g. QUAD4, N, = 4),
a space-time element should be a 3D element (e.g. HEXAS8, N:* = 8). This thesis focuses
on spatially two-dimensional problems and thus, the space-time XFEM uses trilinear shape
functions in a space-time element (spatially bilinear and temporally linear element).

To consider the weak form for the space-time XFEM, assuming ¢7(u, @, t) is a volume
contribution of governing equations defined in the volume of phase p in a space-time slab:
Q™?, n?(u,u,t) is a Neumann boundary condition of phase p of a space-time slab: Py”*,

and h;(uw,u,t) is an interface condition on PP, including discontinuities across interface

www.manaraa.com



21

between two phases using Nitsche’s method. The range of time ¢ in this space-time slab is

t=[tn, "

Governing equations (volume):  ¢¥(u,@,t) = ofd! + fP(u,t) =0 in Q™ (3.10)
Neumann boundary conditions:  nf(u,w,t) =0 on Py?, (3.11)

Interface conditions: hi(u,@,t) =0 on P,

(3.12)

For simplicity, this section assumes that ¢¥ is separated into a term related to @ and the
rest fP which is independent of @ like (3.10). of is a coefficient of ; in this case. Using
the space-time XFEM, a time derivative w is constructed by the shape function in time
directly because the finite element discretization is also applied in the temporal domain.
Thus, additional approximation techniques for @ like (3.5), (3.6) and (3.7) are not necessary
in this case.

As a discontinuous Galerkin method is applied along the time axis, the solution is dis-
continuous between space-time slabs (e.g. between Q" and Q" '). As a correction of a
discontinuous Galerkin method, the following continuity condition between is added to ob-

tain continuous solution in time:

n

Continuity between slabs: [odul]t = af‘iuf L of|"uf|" =0 on PP (3.13)

n . . o n
u? ‘ . is a boundary value on PP in a current space-time slab @". On the other hand, u} L
is a boundary value on P™? in a previous space-time slab Q" .

Considering (3.10) - (3.13), the general weak form of governing equations in a space-time

slab Q™ is written as follows:

3 / 0Q whgl(u, i t) + 3 / AP wPn?(u, 5, 1)
n,p 17’\7}717

p=A,B p=A,B
+/ dP whi(u, @,t) + > / dQ w?|} [oful]y =0 . (3.14)
it p=A,B P+7p
Here, w! is an admissible test function in phase p = {A, B}, w™ is an admissible test
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function on the interface of two phases A and B, and w! }i is an admissible test function on
P? within a current space-time slab Q™. The forth integral of LHS of (3.14) is an additional
contribution in the space-time XFEM, comparing the weak form of the XFEM (3.4). This
integral is a correction term of a discontinuous Galerkin method from a continuous Galerkin
method. As P"" is purely a spatial domain, an integral over P,"* is performed only in the
spatial domain Q™P. By using (3.14), a transient problem is completely discretized by the

finite element discretization without time stepping schemes.

3.4 Numerical Implementation

The space-time XFEM uses the finite element discretization in space and time. Thus,
integrating numerically over the space-time slab Q™ and the boundary terms in (3.14) leads
to different integration points in comparison with the XFEM that uses the finite element
discretization only in space. While the higher-dimensional simplex triangulation is usually
used for defining integration points in a space time slab [48, 49, 47|, this section proposes
a simple space-time integration scheme named the elementwise temporal layer approach.
First, space-time elements are subdivided into layers which correspond to different spatial
intersection configurations. These layers are called as temporal layers. Then, temporal
integration points are defined in each temporal layer based on the quadrature rule. Each
temporal layer is cut by planes on these temporal integration points parallel to the spatial
domain. The cross section created by this cut are called as the temporal slices in this thesis.
Each space-time element has different number of temporal slices based on its intersection
configuration. Finally, integration points for a space-time volume are distributed on each
temporal slice using the same numerical integration scheme used in the standard XFEM.
More precise space-time integration can be achieved than [50] by evaluating all intersection
configuration including small volume created by moving interfaces.

This section summarizes the elementwise temporal layer approach and placement of in-
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tegration points for space-time volume and interface in the space-time XFEM. The face-
oriented ghost-penalty method is applied in the space-time XFEM like [50] to mitigate

ill-conditioning problem due to small intersected space-time volume.

3.4.1 Elementwise Temporal Layer Approach

The space-time XFEM needs integration points distributed in an entire space-time slab.
In general, direct decomposition methods like the simplex triangulation are used to determine
the location of these integration points. Another way is the summation of spatial integration
on multiple temporal integration points. Considering a fixed interface problem, the intersec-
tion configuration defined by the level set function ¢ is time-invariant. Integration points for
the space-time XFEM can be defined by the duplication of integration points in the spatial
domain at any time ¢. On the other hand, considering a moving interface problem, the lo-
cation of space-time interfaces varies in time and thus, the spatial intersection configuration
change in time. Therefore, an intersected space-time element has multiple types of spatial
intersection configuration due to moving interfaces.

This thesis introduces an elementwise temporal layer, which is a temporal section cor-
responding to an individual spatial intersection configuration in an intersected space-time
element. This thesis uses trilinear space-time elements (QUAD4 in space and linear in time).
As the linear shape function is used along time, the level set function ¢ changes linearly in
time. The detection of the change of the spatial intersection configuration is algebraically
and uniquely defined by checking values of nodal level set functions. In each temporal layer,
multiple temporal integration points are defined by a quadrature rule. These temporal inte-
gration points are called as temporal slices. As the linear shape function is used in time, the
number of temporal slices in each temporal layer should be two or more for a full integration.
The number of temporal slices changes the effective time increment. Thus, using more than

two slices is beneficial from the viewpoint to use a large time increment. In this thesis, three
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temporal slices are defined in each temporal layer for verifying the influence of the number
of temporal slices. Finally, integration points for space-time volume are defined on each

temporal slice.

3.4.1.1 One Temporal Layer Case

Just one temporal layer can be used if the intersection configuration is time-invariant.
This temporal layer is identical with the entire space-time element. A standard space-
time element (non-intersected element) and a space-time element cut by the time-invariant

interface (fixed interface) belong to this case.

3.4.1.2 Two Temporal Layers Case

Multiple temporal layers are needed when a moving interface exists. As trilinear space-
time elements (QUAD4 in space and linear in time ¢ = [¢",¢"™']) are used in this thesis,
temporal layers are easily detected by the change of nodal level set function values in time.
The left figure of Figure 3.3 illustrates the detection of elementwise temporal layers by nodal
level set function values. A nodal level set function at spatial node 3; ¢3, changes from a
positive to a negative value, creating two topological different intersection configurations in
this space-time element. A red dashed line indicates the interface between two temporal

layers. The interface is the set of all point with time ¢* which is defined by ¢3 as follows:

P3(t7)
P3(th) — ga(tn)

Therefore, two layers are detected across t* in this space-time element. Colored slices at

= —

(" — )+t (3.15)

the right figure of Figure 3.3 is called as elementwise temporal slices. These slices indicate
temporal integration points. The example of Figure 3.3 has six temporal slices (three slices

in each temporal layer).
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[ phase 1 (¢<0) Phase 2 (6>0)

0.2
01519 - - - - - - - . _ _ B o 01519
0
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Nodal Level Set Filnction

Figure 3.3: Temporal layers and temporal integration points (2 layers case)

Time ¢

3.4.1.3 Three Temporal Layers Case

The procedure for the three temporal layers case is identical to the case of two temporal
layers. Assuming that the nodal level set functions at node 3 and 4, ¢3 and ¢4, change from
positive to negative values as shown on the left figure of Figure 3.4, the temporal layers are

defined by the following two time: ¢*! and t*? (t*! < ¢*?), and three temporal layers are

defined: pule)
*1 4t1 n+l _ in n 3.16
T A 10
% = — ¢s(t:) (GRS (3.17)

G3(t0) — os(t1)
The right figure of Figure 3.4 shows an example of a configuration of elementwise temporal

slices with nine temporal slices (three slices in each temporal layer).

[ I Phase 1 ($<0) Phase 2 (6>0)]

0.2

0.2+

0.1661 0.1661

t 01092

ol 07 Q. @

Nodal Level Set Function

Figure 3.4: Temporal layers and temporal integration points (3 layers case)
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3.4.2 Integration Points for Space-Time Volume

Integration points for the space-time volume are determined for each temporal slice based
on the elementwise temporal layer approach. The method for setting volume integration
points on one temporal slice is exactly identical to the standard method of the XFEM and
thus, higher-dimensional simplex triangulation [48; 49, 47] is not necessary. The spatial
intersection configuration is created by Delaunay triangulation on each temporal slice such
that each triangle is occupied by exactly one phase and the interface is discretized by triangle
edges. Integration points for space-time volume are defined on each triangle. Figure 3.5 shows
two examples of the setting of integration points for space-time volume in one space-time
element. The symbol * marks an integration point for volume integral and red lines indicate
edges of a space-time interface within the space-time element. The left and right figures
of Figure 3.5 are two and three temporal layer cases corresponding to Figures 3.3 and 3.4
respectively.

0.2 5 0.2

t 0.1 t 0.1

0l

Figure 3.5: integration points for space-time volume
(left: 2 temporal layers, right: 3 temporal layers)

As Delaunay triangulation is applicable to 2D and 3D problems, the above approach is
directly applicable to spatially three-dimensional problems.

Integration weights for these integration points are computed by the product of spatial
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integration weights and temporal integration weights. Focusing on one temporal slice and
assuming w; as its temporal weight, integration weights of integration points for space-time
volume on this temporal slice; WY, are computed by w; and spatial volume integration

st

weights for these points; wY°":

~vol vol

Wy = wawl® . (3.18)

3.4.3 Integration Points for Space-Time Interface

This section describes the approach for computing integrals over a space-time interface.
In the standard XFEM for two-dimensional spatial domain, interface integration points are
generated on a line corresponding to a spatial interface at some time t. On the other
hand, an interface in the space-time XFEM (spatially two-dimensional case) is a three-
dimensional plane (one order higher dimension space than the standard XFEM) within a
space-time element. Integration points for space-time interface should be generated onto
this three-dimensional plane. Therefore, these interface integration points are independent
of the volume integration approach using elementwise temporal layers and temporal slices.

The shape of interfaces in a spatially two-dimensional space-time element is limited to
a triangle, quadrangle, pentagon and hexagon. In this research, a space-time interface is
partitioned by Delaunay triangulation and integration points for this space-time interface
are defined on every triangle. Figure 3.6 shows examples of space-time interface integration
points for the cases of triangle and hexagon interfaces. The case of a triangle interface
(left figure) does not need Delaunay triangulation. The case of a hexagon interface (right
figure) uses Delaunay triangulation to generate four triangles. The outer red line marks the
configuration of a space-time interface and inner red lines indicate the edges of the triangles
created by Delaunay triangulation.

Based on the proposed elementwise temporal layer approach, if the spatial dimension is

d, the setting of volume integration points and interface integration points for the space-
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time XFEM can be performed by the same techniques applicable to d-dimensional standard
XFEM. Thus, the proposed approach does not require higher-dimensional decomposition like
the simplex triangulation used by [47]. This provides a great advantage in terms of the actual
implementation. Integration weights for these points are determined by the quadrature rule

on each triangle defined on a space-time interface.

0.2

t 0.1

Figure 3.6: integration points for space-time interface
(left: triangle interface, right: hexagon interface)

3.4.4 Face-Oriented Ghost-Penalty Stabilization

Interfaces are immersed in the background meshes based on the iso-contour of the level
set function ¢. Intersections might produce very small space-time integration subdomains
which lead an ill-conditioning problem. This ill-conditioning problem has severe impact
especially for moving interface problems, because the motion of an interface usually creates
tiny integration subdomains configuration when this interface moves across an elemental
edge.

The main issue of this ill-conditioning is that numerical fluxes are insufficiently controlled
by the weak form of the governing equations. The reader is referred to [34, 52] for the detailed
discussion in terms of this ill-conditioning problem. The face-oriented ghost-penalty method

[555:56]-has. been proposed.te mitigate this ill-conditioning problem. The main idea of the
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face-oriented ghost-penalty method is to penalize a jump of numerical flux across elemental

edges. A general weak form of the face-oriented ghost-penalty method as follows:

Rep ZZ Z Z / dl' 0 [D"w{]gp[D™uf Tgp (3.19)

i m=1Tg,eFp=A,B"ev

where D™ () means a normal derivative of order m: D™(-) = g;nl(;,? f;, m¢ is the highest
J

order of interpolation of the i-th state variable u; and 7f¥ is a penalty factor of the face-
oriented ghost-penalty method related to u;. F denotes a set of elemental faces of intersected
elements I'y,. []gp denotes a jump operator of a state variable across the face I'y, between

two adjacent elements, element 1 Q! and element 2 Q2

[alep = alor — alaz - (3.20)

When bilinear elements are used in space as done in this thesis, (3.19) is computed only up

to the first interpolation order m = 1:

Ry =2 2. Z/ dr' n® [[ ﬂ ngﬂ Ry - (3.21)

i Tgp€F p=A,B

In the face-oriented ghost-penalty method, the jump terms are integrated over the entire
face, individually for each phase that is considered. Thus, this method integrates twice over
an intersected edge in a solid-solid problem, using different interpolation functions and state
variables.

This method is also useful to mitigate an ill-conditioning problem due to small intersected
space-time volume in the space-time XFEM. The extension of (3.21) for the space-time

XFEM is as follows based on the same idea of [50]:

ou? R
=> > Z/ dpP 7% a Nj ol IRALE (3.22)
i PapeGp=A,B " Pave ZJ “k Ul gp

where G denotes a set of elemental faces of space-time intersected elements P,,, z is the

generalized coordinate including space and time z = (x,t), and N; denotes the space-time
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normal. Integration points for (3.22) are set on faces shared by space-time element neighbors

P,

ep to stabilize the numerical flux around space-time interfaces. As a space-time slab has

only one element along the time axis, Py, is the —t or y—t plane of an intersected space-time
element. Figure 3.7 is an example of setting of these integration points between adjacent

two space-time intersected elements.

Gauss Points for Ghost-Penalty (Element 1) Gauss Points for Ghost-Penalty (Element 2)

e $*

0.2+

>

* o

/

02187 // 02323
- 0.2255

y 0.1503  0.2187 x

y 0.1503  0.205 x

Figure 3.7: Space-time integration points for face-oriented ghost-penalty stabilization

3.5 Structural Analysis using Space-Time XFEM

This section describes a spatially two-dimensional structural problem using both the
standard XFEM (XFEM that discretizes only space) and the space-time XFEM. First, the
weak forms for both methods are summarized. The weak form for the space-time XFEM
has an additional term due to using a discontinuous Galerkin method in time. The spatial
domain is discretized by bilinear finite elements (QUAD4) in both method and the temporal
domain is discretized by linear finite elements. Thus, trilinear elements are used in the space-
time XFEM. This problem is a fixed interface problem and modeled by a total Lagrangian
formulation of the elasto-dynamics. Therefore, the number of temporal layer is always one
in the space-time XFEM. This thesis uses three temporal slices for each temporal layer in

the space-time XEEM. The Newmark method (3.7:y = 0.9, = 0.5) is used to integrate
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the governing equations in time when using the standard XFEM. At each time step, the
nonlinear problem is solved by the Newton’s method and the convergence criterion requires
a drop of the norm of the residual of 107 relative to the norm of the initial residual. In each
Newton step, the system of linearized equations is solved by GMRES (generalized minimal
residual method) [83].

Results of both the XFEM and the space-time XFEM are compared. The proposed
space-time allows for a larger time increment At than the standard XFEM. In addition,
this example verifies the implementation of Nitsche’s method for the space-time XFEM. To
this end, a dummy interface is introduced, i.e. both phases represent the same material.
The results of the space-time XFEM and space-time FEM without the dummy interface are

compared.

3.5.1 Governing Equations and Finite Element Discretization

This section assumes the elasto-dynamics based on the finite strain theory and the hy-
perelastic material. The material dumping is not considered in this section. Assuming a
two-phase transient structural problem, the structural response is governed by the following

momentum equation:

QPUT O,

4 o2 90X,

+ p’BY in QF . (3.23)

Here, pP is density, U? is displacement, IT?; is the first Piola-Kirchhoff stress tensor, and
B? is a body force constant at phase p = {1,2}. To use linear shape functions in time and
restrict time derivative terms up to the first derivative in the space-time XFEM, (3.23) is

split into two equations by introducing solid velocity V;”:

ovP o :
= an + pPBY in QF (3.24)
14
a{% _yp in Q7 (3.25)
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A compressible neo-Hookean model (Belytschko et al. [84]) is used as a material constitutive

law for the solid phase:

1 1

W@:5v@m¢nme+iqu;—3—2mmaFm), (3.26)
oW

ﬂﬁﬂ%yzvmﬁmm@7+m@r{%5, (3.27)
1J

where WP is the hyperelastic function (strain energy density function), S? is the second
Piola-Kirchhoff stress tensor, F? is the deformation gradient tensor, C? is the right Cauchy-
Green tensor, A’ and p” mean the Lamé constants at phase p. These A’ and pP can be

expressed in terms of Young’s modulus E? and Poisson’s ratio v as follows:

VP EP
P _ .2
N =T = (3:28)
WP =GP = _ BT (3.29)
2(14wvp) '

On the outer surface, the traction free boundary condition is applied. The traction bound-
ary condition and the continuity of displacement and velocity are applied at the interface

between two phases in the initial configuration ['gi,:

|[T,]] = Til - TiQ = HzlJﬁ’(l,lJ - H?JﬁOJ =0 on Lot , (3-30)
I[Ui]] = Uil - Uf =0 on Lojng (3-31)
Vil=Vvi-vZ=0 on Loint (3.32)

where nj, is an outward normal from phase p in the initial configuration.
The finite element discretization of the XFEM at time ¢" is as follows based on the total

Lagrangian formulation:

R =Ryo + Rint + Ryp = 0, (3.33)
2
ovP AoUP
ol = dQ SUP | p—~ — pPB? ds? LIIP
o ;{/Qg v (p o " 2) +/Qg Xy ”]
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2
au?r
+) /Q d 5vppp( > Vf) : (3.34)

p=1

R —_ / 4T [SU] {1, bl , — / dr {60}k [U7] + / dr [SU ™[], (3.35)
Loint Toint Toint

2
sV vy
= T 18P e ~D
Ror =2 /F s [[ax]] ”J[[aXKﬂgP”UK

p=1 eEFggp Ogpe
ooU? . .
DD Sl I L R (3.3)
p_l eI‘p nge

where 60U} and §V} are admissible test functions for displacement U} and velocity V' at each
phase p and f is a domain of phase p in the initial configuration. Ry, Rin and Ry, are
residuals of the volume contribution, the interface contribution and the contribution by the
face-oriented ghost-penalty method, respectively. In (3.36), the first PK stress II? is used as
numerical flux by following the work of Lawry et al. [75]. To enforce the interface conditions
(3.30)-(3.36), the interface contribution (3.35) is computed by the symmetric Nitsche method.
When using a time stepping scheme, time derivative terms are approximated by the Newmark
method (3.7) as a standard time stepping scheme.

On the other hand, the finite element discretization is applied also to approximate the
time derivative terms in the space-time XFEM. The weak form of the space-time XFEM is

defined in a space-time slab Q™ as follows:

R =Ryo + Rint + Raise + Ryp =0, (3.37)
2
. VY dsUP
_ P P 1 P
S, s (5 =) [ o S,
p=1 0 0
2
ou?
D ZYi P
+g/ Qv (- vr). (3.38)
Rint = — / dP [6U;]{IL;;} N, — / dP {611} N2, [US]
(’]rint P(;gnt
+ / aP [SU U] | (3.39)

Oint
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2 2
Rae=) [ aosurlowm+Y [ aaliowin, e
p=1 P0+ p=1 P0+

2
) VT o [OV'] <
— dP || S| o | o || N
Rgp Z Z /J;n,p 771) |:|: aZJ :|:|gp 0/ |:|:82K :|:| gp o

=1 ecPg,l "~ Ogpe
DSU?

2
+ Z Z /Pn,p AP 1? [{ 07 ﬂ NgJ[[HfK]]gPNgK ) (3.41)
gp

p=1 eEP(;lg’g Ogpe

where Ng is an outward space-time normal from phase p in the initial configuration, and
Z is a generalized coordiante including space and time; Z = (X, t). As fixed interfaces are
always used based on the total Lagrangian formulation, a space-time normal Ng is always
parallel to a corresponding spatial normal nf (temporal component of Ny is always zero).
Rvol, Rint and }?gp are residuals of the volume contribution, the interface contribution and the
contribution by the face-oriented ghost-penalty method, respectively. Rgis. is an additional
residual computed on the lower bound of a space-time slab Py;” due to the discontinuous

Galerkin method used in time.

3.5.2 Numerical Example 1: Beam Bending due to Body Force

The first benchmark problem of the space-time XFEM is a transient structural problem.
Through this example, the efficiency of the space-time method versus the Newmark time
stepping scheme is demonstrated. The implementation of Nitsche’s method is verified by
comparing results of the space-time XFEM and space-time FEM without interface. The
computational approaches compared in this example are summarized at Table 3.2 along with
the abbreviations are used in the following discussions. The rows of Table 3.2 denote spatial
discretization methods and columns of Table 3.2 denote temporal discretization methods.

Figure 3.8 shows a computational domain for FEM and ST-FEM in the initial configura-
tion. Fixed Dirichlet boundary conditions (U, = U, =V, = V,, = 0) are applied on the left
boundary I'gp. and the solid phase deforms due to the body force acing downwards in vertical

direction.. Figure 3.9 shows the computational domain for the XFEM and ST-XFEM. The
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Table 3.2: Computational methods for structural problem

Standard Time Stepping
(Newmark method)

Space-Time Method

standard Finite Element Method

FEM

ST-FEM

eXtended Finite Element Method

XFEM

ST-XFEM

spatial domain consists of two phase 2} and Q2 which are made by identical solid materials

and an interface is introduced as a dummy interface to verify the implementation of Nitsche’s

method. The parameters for geometry and material are summarized in Table 3.3. As the

interface in Figure 3.9 is just a dummy interface, different spatial discretization (FEM and

XFEM) should compute exactly identical results in this problem.

Ly
Tabc 0% A
(0,0) LX

Ly
Tabe Q5 Q5 2
(0,0) LX

Figure 3.8: Model for FEM and ST-FEM  Figure 3.9: Model for XFEM and ST-XFEM

Table 3.3: Parameters for geometry and material (structural problem)

Group Description Parameter
Geometry domain size L, = 1.50m
L, = 0.50m

point A
point B

(Ly, L,/2) = (1.50,0.25)m
(0.44L,, L,/2) = (0.66,0.25)m
angle of interface 6 = 7 /8rad

Solid density

body force

pt = p* = 1000kg/m?
Young’s modulus E! = E? = 1MPa
Poisson’s ratio v =12=04

b! = b* = (0,—10)m/s?

The structural response is simulated up to time t = 1.782s.

The size of the spatial

discretization A is set as h = 0.25,0.125,0.0625, 0.03125, 0.02083m and the size of the tem-

poral discretization At is set as At = 0.162,0.054, 0.018s respectively. The reference solution

for the convergence study is the result of FEM (standard finite element computed by the
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Newmark method) with the finest spatial and temporal discretization (h = 0.0125m and
At = 0.001s).
The structural response is monitored by the tip displacements at point A in Figures 3.8

and 3.9, Up® and U}, the strain energy Eg, and the kinetic energy Fiy:

U =0y, or Ul (3.42)

[

U =0,|, or Uj (3.43)

L [

2
Eg =) / QW (3.44)
p=1 Q0

2
1
En =Y /Q a9 5ppvp2 : (3.45)
p=1 0

where W7 is the hyperelastic function of phase p defined in (3.26). In Figure 3.10, the left
diagram shows the histories of U;ip using both the XFEM and the space-time XFEM with
the finest model (h = 0.02083m). The green solid line is the history of reference solution.
The other solid lines represent the histories of the space-time XFEM and dashed lines mean
histories of the XFEM using three time step sizes, At. Results of the space-time XFEM with
At < 0.054s exactly overlap with the line of a reference solution. The top right figure shows
the initial phases at ¢ = Os and the bottom right figure is a snapshot at t = 1.35s colored by
the von Mises stress using the space-time XFEM (h = 0.02083m and At = 0.18s). The red
solid line in the left figure is the configuration that corresponds to these snapshots. As the
face-oriented ghost-penalty method is applied in both the spatial XFEM and the space-time
XFEM, the condition number of the Jacobian is reduced (e.g. from the order of 10%° to the
order of 102 using the space-time XFEM with h = 0.02083m and At=0.054s).

Figures 3.11 and 3.12 illustrate the spatial size dependency of the normalized L2 errors

against the reference solution. The normalized L2 errors are defined as follows:

[ dt(a — ayer)?
f dta?

ref

Err(a) = (a =UL®, U®, By, and Eyy) - (3.46)
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Figure 3.10: History of U;ip and snapshot of deformation
(right figures: results of space-time XFEM with h = 0.02083m and At = 0.18s)
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Figure 3.11: Spatial size dependency of L2 errors of tip displacements UP and U;ip
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Figure 3.12: Spatial size dependency of L2 errors of kinetic energy FEy;, and strain energy
Egtr

Circle and square markers denote the results of the spatial and space-time FEM (FEM and
ST-FEM, no interface case). Dashed and solid lines represent the results of the spatial and
space-time XFEM (XFEM and ST-XFEM). Each color represents a different time step size.
First, it is confirmed that the L2 errors of the FEM and XFEM (ST-FEM and ST-XFEM)
agree well in both spatial method and space-time method. The implementation of Nitsche’s
method in the space-time XFEM was verified. Second, comparing the XFEM (dashed lines)
and the space-time XFEM (solid lines), the rate of convergence of the space-time XFEM is
higher than the one of the XFEM. The space-time XFEM uses three temporal quadrature
points in each temporal layer and At¢/3 is an approximate time increment substantially.
This interpretation is confirmed by the fact that results of the XFEM with At = 0.054s
(blue dashed line) and results of the space-time XFEM with At = 0.162s (black solid line)
are almost identical. As the effective time step in the space-time XFEM is smaller than in
the spatial XFEM, the space-time XFEM has a higher rate of convergence. The error also
plateaus at a larger nominal time step; the error stagnates even reducing the time step size

as the error is dominated by the spatial discretization error.
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Figure 3.13: Temporal size dependency of L2 error of tip displacements U and U;ip
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Figure 3.14: Temporal size dependency of L2 error of kinetic energy FEy;, and strain energy
Estr

Figures 3.13 and 3.14 show the temporal size dependency of the normalized L2 errors.
Different colors represent different spatial element sizes. As the effective time increment of
the space-time XFEM is about At/3, the convergence of the space-time XFEM is higher
than the one of the spatial XFEM. The results of the spatial XFEM is nearly reproduced
by the space-time XFEM with three times larger At, when At > 0.05. The space-time
XFEM plateaus for large At when compared with the standard XFEM. The efficiency of the

proposed space-time XFEM was confirmed from this structural problem.
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3.6 Fluid Analysis using Space-Time XFEM

This section summarizes spatially two-dimensional fluid problems using both the XFEM
(XFEM that discretizes only space) and the space-time XFEM. The flow is modeled by
the incompressible Navier-Stokes fluid in this section. The spatial domain is discretized by
bilinear finite elements (QUADA4) in both methods and the temporal domain is discretized by
linear finite elements in the space-time XFEM. Thus, trilinear elements are used in the space-
time XFEM. In the space-time XFEM, three temporal slices are defined in each temporal
layer. At each time step, the nonlinear problem is solved by the Newton’s method and the
convergence criterion requires a drop of the norm of the residual of 107 relative to the norm
of the initial residual. In each Newton step, the system of linearized equations is solved by
GMRES.

There are two examples in this section. Numerical example 2 (Section 3.6.2) is a spatially
two-dimensional unsteady fluid problem around a fixed cylinder, which is the well-known
DFG 2D-3 benchmark problem proposed by Schéfer and Turek et al. [80]. Numerical
example 3 (Section 3.6.3) is a transient fluid problem with a moving interface. This problem

was studied previously by Diitsch et al. [85] and Guilmineau et al. [86].

3.6.1 Governing Equations and Finite Element Discretization

This section summarizes the weak forms of a transient fluid problem for both the XFEM
and the space-time XFEM, assuming a spatially two-dimensional fluid domain around a solid
structure. Governing equations are the momentum equation and the continuity equation of

the incompressible Navier-Stokes fluid as follows:

31}? fvfa'UZf _ 80.£<,vf7pf>

fot U 3.47
f
g:; =0 in Q| (3.48)
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f

where v/, p/ and p/ are the velocity, the pressure and the density of the fluid. b/ is the

f

body force and 2™/ denotes the fluid domain at time ¢", o;; 1s the Cauchy stress tensor of

a Newtonian fluid:

81} 3Uf
o) = =as it (G4 52 (3.49)

where 1/ is the dynamic viscosity of a fluid. As an interface condition at the fluid-solid

interface, the continuity of velocity is prescribed:

vf = ygtruct on I/ (3.50)

7 ) int

where I'l/ means an interface at time ¢" and v5*e*

is the velocity of the structure, which is
zero at the case of a fixed interface and non-zero at the case of a moving interface.
The finite element discretization of the standard XFEM at time t" is defined by the

following weak form defined in the current configuration.

Rf =R!, + Rl +R! (3.51)

gp

ovl | sov] dov!
Rl = /andfva <at e b’>+/mfdﬂ—axj al(v!,p!)

vl asv! 1 asp!
f f D" \of (arf of
+/Qn,fd95paz+2/wd97 <Jax . ) (v!,p’)

eeQf
85?) 81}f
" / A (3.52)
ee;f 8.17] 3{61
Ri];t = - /n ar (Sl)l-fa'l.fj(fuf,pf)ﬁj — /n dr 5pfﬁ{(vzf _ ,Uzstruct)
_/ dl’ o o; (5’0 ) ( f U?truCt)—f—/ dl’ T]mt(s'l}z vl (353)
8(5’0 81}f
I = T P A0Vl s
Rgp Z /I—\n,f d |:|:(3x.7 :|:| ’I’LJ |:|:8xk:|:| nk
eyl © GPe gp gp
oopf L opf v
ps / ar "ﬁp[[ 07 H il |l T (3.54)
ergy TG ¢ Hep idlgp

www.manharaa.com




42

applied for the convection and incompressibility stabilizations in (3.52). The WTSE option
(8v! /ot term is excluded) is applied (Tezduyar et al. [87]). 7/ and 7/ are elementwise

stabilization parameters for the advection and continuity terms:

2p’ 2 2 T g] 2
i :{(E> + p" v Gol + ! ; (3.55)
1
7l = [TT{LTI“(G)} : (3.56)

where Gij = S22 _ (0&,/0x;) (06 /x;) and & is the isoparametric coordinate of each element.

f

In (3.52), 6{; is a deviatoric part of the fluid Cauchy stress, n; is an outward facing normal

from the fluid phase and 7/ is a scalar residual of the momentum equation defined as follows:

f
f ov;

_ favzf _ ag{j(vfupf)
T

+ pfv- — pfblf . (3.57)

7 (v!, ) 3 5
J J

7

Rf

e 15 the interface contribution based on the symmetric Nitsche method. The second term
of RHS of (3.53) is the mass-preserving adjoint consistency term (negative sign is correct)
based on Schott et al. [73]. While there are several versions of Nitsche’s method, this
thesis chooses empirically the above version of Nitshce’s method because of its stability at
computations in the proposed space-time XFEM. Rgp is the additional contribution by the
face-oriented ghost-penalty method to stabilize numerical flux at small intersected elements.

Nt is the penalty factor of Nitsche’s method, and 78 and ngP are the penalty factors of the

face-oriented ghost-penalty method defined as follows [72, 73]:

P pfef !
int _ _int /1’_ P ||U ||OO Y h’
" =a (h+ 5 +12At : (3.58)

fh2
Y T P g 3.5
ny = oy (u + 10At) , (3.59)
A PR\

8P _ 8PJ2 o P 0 3.60
= (h 7% 7 12At) ’ (3.60)

where o™, 8P and ag? are dimensionless scalar and these are set as a™ =50, as® =107
and ofP = 10~* respectively. h is a representative spatial size and ||v/|| is the infinity norm

of the fluid velocity.
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On the other hand, the finite element discretization for the space-time XFEM is defined
as follows. The discontinuous Galerkin method is applied in time. The symmetric Nitsche

method on the interface and the face-oriented ghost-penalty method are also applied:

R/ =R! + R, + Rl + R . (361)
ov; 81}
RE = fof FOU o
Rvol /;nfdQ(;Up (at +v ]a$j bz)“f’/Q'nfdQ ‘ ( 7p)
Svf 1 opf
o marGie = [ ont (45 S5 )
an ecQmf < p
651}' 81}.
QT 5 o 62
- Z /”’f QTC 637]' axl ’ (36)
ec@nf e
Rij;t = _/ dP (S’Uz z]( f’pf)]v]f _/ dP 5pf]\7if(vif . vlstruct)
_/ dP 0‘ (51} ) ( I _ ,U?truct) +/ AP nintévif(vif i UftrUCt) : (363)
R :/ , 4 80l [ Tof1 (3.64)
P",
B 8(5@ ~ 82}f N
= P | f
o3 [ el ] s
Pgnpf Far gp gp

85pf o f (9pf o f
P gp N/ || — N’ .
+ Z /d [[az ]] z[[azj R (3.65)

where N/ is an outward space-time normal from the fluid phase. Rf . and Rl . are the

volume and interface contributions of the weak form of the space-time XFEM. R is the

disc
additional residual comparing with the XFEM (3.51), which is defined on the boundary
between the current and the past space-time slabs and originated from applying the discon-
tinuous Galerkin method in time. Rfol is the contribution of the face-oriented ghost-penalty
method in the space-time XFEM. z; is the generalized coordinate including space and time.

Penalty coefficients for Nitsche’s method and the face-oriented ghost-penalty method are the
same as those of the XFEM (3.58) - (3.60).
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3.6.2 Numerical Example 2: Unsteady Flow around Fixed Cylinder (DFG 2D-3
Benchmark Problem)

To demonstrate the efficiency of the space-time XFEM, a transient fluid problem with
a fixed interface is studied. This second benchmark problem is a spatially two-dimensional
fluid problem for the unsteady flow around a fixed cylinder, which is well-known as DFG
2D-3 benchmark problem proposed by Schéfer, Turek, et al. [80]. A fixed cylinder located
at (z, y) = (0.2,0.2)m is embedded in an Eulerian fluid domain which is modeled by
the incompressible Navier-Stokes equations (3.49). Figure 3.15 shows the geometry of this
problem. The geometric parameters and the material parameters are summarized in Table
3.4. These parameters are identical to settings of [80]. As the cylinder is fixed, the spatial

n.f

oI the space-time volume Q™/ and the space-time

domain Q™/, the spatial interface I’
interface Piﬁ’tf of fluid are time-invariant and thus, upper subscripts n for the volume and

boundary terms are omitted in this numerical example like Q™ — Qf. Inlet velocities are

prescribed on the left edge I';,¢ and defined by the time-dependent functions:

inle 7Y Ly — Y) wt inle
v (0,y,t) = 4U% sm<§>, v (0,y,t) = 0m/s  on Iiye (3.66)
y
vl = ol = Om/s on iyt - (3.67)

No-slip boundary condition is applied on the upper and lower edges, I'osip, and on the
interface around a fixed cylinder, I';;. The right edge of this domain is a traction-free

boundary I'tee. The time interval of this simulation is 0 < ¢ < 8s.

I I‘inlet
Y l_‘ir_l_fc_ ____________
ycyl ________ @$ Dcyl .Qf l—‘noslip Ffree
(0,0) xéyl L,

Figure 3.15: Model of fluid problem with fixed interface (DFG 2D-3 problem)
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Table 3.4: Geometrical and material parameters (DFG 2D-3 problem)

Group Description Parameter
Whole size L,=0.41m
Domain L, =2.20m
Cylinder diameter D =0.1m
center 29 = 0.2m
y¥ = 0.2m
Fluid density p’ = 1000kg/m?
kinematic viscosity vl =10"%m?/s
body force b’ = (0,0)m/s>

maximum inlet velocity U = 1.5m/s
inlet velocity on iyt vt = AU L, *(L, — y)y sin(nt/8)
oMt = Om /s

interface velocity on 'y v§y1 = v;yl = O0m/s

The accuracy of the flow solution is monitored by the drag coefficient; Cp, lift coefficient;

CL, and pressure difference around the cylinder; Ap, as functions of time in 0 < ¢ < 8s:

_ @) 1 f dvf (%5 eyl focyl

o) =175,502D = 1207070 /F ar {“ gy ox ) TP (3.68)
_ k(@) 1 f dvf 3”5 eyl o focyl

) =172,707D ~ 1727070 / ar [—“ By ar )t P (369)

Ap(t) :pf(q;cyl _ D/2, ycy17 t) _ pf(xcyl + D/Q, ycyl’ t)

—p7 (0.15m, 0.2m, t) — p(0.25m, 0.2m, t) , (3.70)

where n' = (n', n$M) is the outward normal of the cylinder. The computation of the drag
and lift forces; Fp and Fy,, are based on the method of John [88], considering the condition
of the interface velocities v = viynt = 0. Ap is the difference between the left and right of
the cylinder like (3.70). In particular, the maximum Cp; C5**, the maximum Cp,; C{*** and
the pressure difference Ap at time ¢t = 8s (final time); Ap™ are representative numerical
properties of the DFG 2D-3 benchmark problem. Reference values of [80] are summarized in
Table 3.5. As the face-oriented ghost-penalty method is applied in both the XFEM and the

space-time XFEM, the condition number of the Jacobian is reduced (e.g. from the order of

10" to the order of 10° using the space-time XFEM with h/D = 0.1615 and At = 0.02s).
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Table 3.5: Reference of DFG 2D-3 benchmark problem [80]
| Cglax Ci’ﬂax Apﬁn
lower bound | 2.9300 0.4700 -0.1150
upper bound | 2.9700 0.4900 -0.1050

33 0.6
—e—XFEM
—=— ST-XFEM

0.1

—e—XFEM
—=— ST-XFEM
2.9 0
0.01 0.02 005 0.1 02 0.5 0.01 0.02 005 0.1 02 0.5
Spatial Discretization /D Spatial Discretization /D
(a) Maximum Cp; C> (b) Maximum Cf,; CP**
-0.09
—e—XFEM
0,095 | | ST-XFEM

Figure 3.16: Spatial size dependency of
C]r)nax’ Ir_lnax and Apﬁn
(400 time steps, At = 0.02s)

-0.1

-0.11 ®: Spatial XFEM
______ l\/ﬂ} B: Space-Time XFEM
20

O dashed line: upper and lower bounds in Table 3.5
gray band: range surrounded by upper and lower

-0.12
0.01 0.02 0.05 0.1 0. .5

Spatial Discretization 4/D bounds
(c) Pressure Dif. Ap at t = 8s; Api®

Figure 3.16 illustrates the spatial size dependency of O C™ax and Apfi* using both
the XFEM and the space-time XFEM with At = 0.02s. h/D is a normalized spatial size by
the cylinder diameter D. Blue circles denote results of the XFEM and red squares denote
results of the space-time XFEM. Black dashed lines show the upper and lower bounds of the
reference work given in Table 3.5 and gray bands surrounded by dashed lines represent the
reasonable range within its upper and lower bounds. Tables 3.6 and 3.7 summarize the data

and t(C"*) denote the time when CE** and C™* occur.
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In terms of CB* (Figure 3.16(a)), the computational results of both the XFEM and
the space-time XFEM overlap and C5** of both methods converge to its lower bound of
the reference with almost the same rate of convergence. On the other hand, the spatial
size dependency of CI"®* using both method is completely different in Figure 3.16(b). Tt is
confirmed that the influence of the time integration scheme is significant for the evaluation
of O™, unlike C5**. The standard XFEM underestimates C["** when At = 0.2s and this
fact indicates that the standard XFEM needs a smaller time increment. The space-time
XFEM predicts larger C7"** than the XFEM and converges to the values that are within the
range of the reference work. This is because the space-time XFEM uses three integration
points along time axis and thus, the time increment is almost one-third of the XFEM when
the same At is used in both method. Considering the finest model for the space-time XFEM
(model at the bottom of Table 3.7), C§** and C["** are obtained at ¢(CH*) = 3.9400s and
t(CP™) = 5.7000s respectively. Figure 3.17 shows the history of Cp, Cp, and Ap of the
corresponding model and snapshots of vorticity at time ¢ = 4,5.6 and 8s. While the flow
field around t(CH*¥) is at steady-state (top right figure of Figure 3.17), the flow field around
t(C*) (middle right figure of Figure 3.17) is obviously unsteady. As C*®* is determined at
the unsteady region as a dynamical property, the influence of a time integration scheme is
significant and the space-time XFEM captures dynamic properties more efficiently because
the efficient time increment is smaller than the XFEM. Although Apf® does not exhibit a
clear convergence with the spatial size in Figure 3.16(c), Ap™ computed by the space-time

XFEM converges in a gray band using finer mesh models.
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Figure 3.17: History of Cp, Cr,, Ap and vorticity in z: w/
(bottom model in Table 3.9)

Table 3.6: Spatial size dependency of O (C™ax and Apfit ( XFEM)

Spatial Time | h/D At Cpax  Cmax Apfin | p(Cmax) - ¢(Cmax)
Active DOFs  Steps (-) (s) (-) (-) (kPa) (s) (s)
3552 400 | 0.2100 0.0200 | 3.2173 0.0992 -0.1122 | 3.9600  7.2000
4278 400 | 0.1615 0.0200 | 3.1518 0.1332 -0.1000 | 3.9400  6.8600
4530 400 | 0.1500 0.0200 | 3.1437 0.1847 -0.1047 | 3.9400  6.1400
5859 400 | 0.1105 0.0200 | 3.0870 0.1997 -0.0996 | 3.9400  6.6200
7635 400 | 0.0840 0.0200 | 3.0711 0.1985 -0.0988 | 3.9400  6.5200
13144 400 | 0.0618 0.0200 | 2.9977 0.2163 -0.1062 | 3.9400  6.4600
19444 400 | 0.0429 0.0200 | 2.9616 0.2164 -0.1078 | 3.9400  6.4000
37888 400 | 0.0276 0.0200 | 2.9323 0.2123 -0.1038 | 3.9400  6.3400
45872 400 | 0.0236 0.0200 | 2.9260 0.2101 -0.1030 | 3.9400  6.3400

Table 3.7: Spatial size dependency of O (C™ax and Apfi® (space-time XFEM)

Space-Time  Time | h/D At Cpax  Cmax - Apfin | p(Cmax) - ¢(Cmax)
Active DOFs Steps (-) (s) (-) (-) (kPa) (s) (s)
7104 400 | 0.2100 0.0200 | 3.2116 0.2735 -0.1015 | 3.9600  6.2200
8556 400 | 0.1615 0.0200 | 3.1502 0.3512 -0.1007 | 3.9400  6.0400
9060 400 | 0.1500 0.0200 | 3.1428 0.4504 -0.0987 | 3.9400  6.0000
11718 400 | 0.1105 0.0200 | 3.0877 0.4809 -0.1050 | 3.9400  5.9000
15270 400 | 0.0840 0.0200 | 3.0696 0.5295 -0.1187 | 3.9400  5.8400
26288 400 | 0.0618 0.0200 | 2.9992 0.5094 -0.0968 | 3.9400  5.7800
38888 400 | 0.0429 0.0200 | 2.9629 0.5073 -0.1044 | 3.9400 5.7400
74776 400 | 0.0276 0.0200 | 2.9336 0.4890 -0.1098 | 3.9400  5.7200
91744 400 | 0.0236 0.0200 | 2.9274 0.4893 -0.1094 | 3.9400 5.7000
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Figure 3.18 illustrates the temporal size dependency of CEax Chax and Apfit using a
mesh with spatial size h/D = 0.0276. Tables 3.8 and 3.9 give the corresponding data of
Figure 3.18. At means a discrete time increment in the XFEM and a length along the time
axis of a space-time slab Q" in the space-time XFEM. The temporal size dependency of
Cp® of both methods is similar because the steady-state like behavior is dominant when
the maximum Cp is obtained. In terms of C/*** (Figure 3.18(b)), the results of the XFEM
become dramatically larger as At decreases, but a much smaller At is essential to reach the
range between upper and lower bounds (gray band). On the other hand, C*** of the space-
time XFEM has a flat distribution with respect to At around the reference upper bound.
The space-time XFEM can use larger At than the XFEM to obtain converged solutions. The
distribution of Ap of the space-time XFEM is also flatter than the XFEM, and these values
are located within the range between bounds. This temporal dependency study suggests
that the space-time XFEM can compute unsteady fluid problems more efficiently than the

XFEM.

Table 3.8: Temporal size dependency of CZax Cmax and Apfin (XFEM)

Spatial  Time | h/D At | O2%  CPa AP | {(CB) HOP)
Active DOFs  Steps | (-) (s) (-) (-)  (kPa) (s) (s)
37888 250 | 0.0276 0.0320 | 2.9327 0.0862 -0.1058 | 3.9360  7.4560
37888 400 | 0.0276 0.0200 | 2.9323 0.2123 -0.1038 | 3.9400  6.3400
37888 800 | 0.0276 0.0100 | 2.9310 0.3327 -0.1001 | 3.9400  5.7600
37888 1000 | 0.0276 0.0080 | 2.9302 0.3649 -0.1023 | 3.9360  5.7520
37888 1200 | 0.0276 0.0067 | 2.9290 0.3670 -0.1039 | 3.9400  6.2200

Table 3.9: Temporal size dependency of O Ciax and Apfit (space-time XFEM)

Space-Time  Time | h/D At Cpax  Cmax  Apfin - [ 4(Omax)  ¢((Omax)

Active DOFs  Steps | () (s) () () (kPa) | (s) (s)
74776 250 | 0.0276 0.0320 | 2.9342 0.4620 -0.1087 | 3.9360  5.7280
74776 400 | 0.0276 0.0200 | 2.9336 0.4890 -0.1089 | 3.9400  5.7200
74776 800 | 0.0276 0.0100 | 2.9320 0.5032 -0.1090 | 3.9400  5.7100
74776 1000 | 0.0276 0.0080 | 2.9311 0.5041 -0.1090 | 3.9360  5.7120
74776 1200 | 0.0276 0.0067 | 2.9300 0.5042 -0.1090 | 3.9333  5.7133
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This numerical example is studied to compare the proposed space-time XFEM based

on the elementwise temporal layer and the space-time XFEM based on the simplex trian-

gulation like [47] (direct decomposition of a space-time slab). Table 3.10 summarizes the

computational results using space-time XFEM based on both approaches. As can be seen,

two approaches converge to the same results. At least for this example, the proposed ele-

mentwise temporal layer approach is equivalent to the simplex triangulation approach. The

details of this comparison is summarized in Appendix F.

Table 3.10: Comparison between different approaches for space-time integration

Approach Coax  Cmax  Apfin - [y(Cmax) ¢ ((Cmax)
(-) () (kPa) | (s) (s)

Simplex triangulation 3.0876 0.4812 -0.1049 | 3.9600  5.9000

Elementwise temporal layer | 3.0877 0.4809 -0.1050 | 3.9400  5.9000

(At =0.2s, h/D = 0.1105, 11718 DOF's, 400 time steps)
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3.6.3 Numerical Example 3: Flow around an In-line Oscillating Cylinder

The third benchmark problem for the space-time XFEM is a spatially two-dimensional
transient fluid problem with a moving interface. The purpose of this numerical example
is to demonstrate the stability of the space-time XFEM for moving interface problems. In
this numerical example, there is an in-line oscillating circular cylinder which generates a
moving interface within a fluid that in initially at rest. The Reynolds number; Re, is 100
and the Keulegan-Carpentar number; Kc (ratio of drag force and inertial force), is 5 based
on the experiment of Diitsch et al. [85]. Flow induced by an in-line oscillating cylinder with
Re = 100 and Kc = 5 was characterized in a region result in the stable, symmetric and
periodic vortex shedding; see Tatsuno and Bearman [89]. The characteristic numbers Re

and Kc are defined as follows:

V.D

Re = e (3.71)
Va

where D is the diameter of the cylinder, V, is the maximum velocity in x direction, and f is
the frequency of the motion of the cylinder. The fluid kinematic viscosity v/ is determined

by v/ = V,D/Re based on (3.71). The motion of the center of the cylinder is described by:

(1) = — Asin(27 ft) | (3.73)
v (t) = — 2m fA cos(2m ft) = —V, cos(2n f1) , (3.74)
a™(t) =4n? f? Asin(27 ft) . (3.75)

Parameter A is the amplitude of the cylinder motion in x direction and A is computed by

A =KcD/2w. The in-line force acting on the cylinder at time ¢": F, (") is computed by:

E,(t") :/ dr of (v, p )" = —/Fn dr’ pfﬁ§y1+/ dr o/ (v)ns" (3.76)

ry

int int int
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f

where I denotes the moving interface at time t", o;;

. . . f ~cyl
e is the deviatoric part of o;; and 7}

is the outward normal of the cylinder (%! = —n/).

As this numerical example is an important model for engineering structures such as
offshore platforms, there is a well-known approximation of the in-line force F, called the
Morison equation. The Morison equation consists of contributions of the drag force and the

inertial force as follows (Chakratarti [90]):
1 f cyl cyl 1 f 2 cyl
F.(t) = C’D§p D)o@ (t)[v@'(t) + CMé_lp 7Dl (t) . (3.77)

Cp and Cy; are the drag and the added-mass coefficients respectively. These parameters are
characteristic measures of this benchmark problem. To evaluate Cp and Cy; from compu-

tational results through the Morison equation, the following dimensionless in-line force is

useful instead of (3.77):

_ E@m G
fol(T) = W = —Cp| cos(277)| cos(2nT) + CME sin(277) | (3.78)

where 7 is a cycle 7 = t/T = ft of the cylinder motion. Cp and Cy; can be computed by

the Fourier integral of (3.78):

RV To+1

Cp = 1 dr f.(1)cos(2nT) , (3.79)
T0+1
Cu = 27T—K2C dr f.(7)sin(277) | (3.80)

70
(3.79) and (3.80) correspond to the integration of one period starting from an arbitrary cycle
position Tg.

Numerical studies of this problem were reported by Diitsch et al. [85] and Guilmineau
and Queutey [86]. In these works, the flow was solved on an O-type structured fixed grid
using the FEM. The influence of the in-line oscillation of the cylinder is considered as a
time-dependent boundary condition on the fixed interface and thus, these computations are

based on the Lagrangian description because the cylinder does not move. Figures 3.19 - 3.21
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are reference results provided by [86]. In these figures, the results of [85] are also included.

o
OV A
& =

~@Y) %@{

Figure 7. Measured Dutsch ef al. (1998) (left) and computed streamlines (right) in the vicinity of the cylinder
at Re=100 and KC=35 at different phase positions (phase position=2n/.1): (a) 180°: (b) 210°; (c) 330°.

Figure 3.19: Reference results of streamlines (Figure 7 of [86])

Another computational approach for this problem is an Eulerian approach, which com-
putes the flow on a fixed background mesh. The cylinder moves within a fixed grid based
on the Eulerian description. As the amplitude A of the in-line motion is not negligibly small
relative to the diameter D in this problem (A/D = Kc¢/2m ~ 0.8), the ALE approach is not
appropriate because of the limitation of the deformation of ALE meshes. On the other hand,

the XFEM with an immersed moving interface can handle this problem based on the Eulerian
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Figure 8. Comparison of the velocity components for Re= 100 and KC = 5 between present computation and
experimental investigation Diitsch er al. (1998) at different phase positions (phase position = 2f:0); (a) 180°; (b)
210°; () 3307, —, W, computation and experiments, x = —6 mm; - - - -, A, computation and experiments, x = 0
mm; - - — - —, 4, computation and experiments, x = 6 mm; ......... . @, computation and experiments, x = 12 mm.

Figure 3.20: Reference results of velocity fields (Figure 8 of [86])
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Figure 9. In-line force computed on different grid levels for Re= 100 and KC = 5: ——c——, mesh = 120x 100
, mesh = 120x200; - -— - —, mesh = 180x 100; ............., mesh = 180x200; — — — —, mesh = 240 = 100; - -
- —, mesh=240x200; , mesh = 360 300; —— + ——, mesh =480x400; O, Morison equation.

Figure 3.21: Reference results of in-line force (Figure 9 of [86])

description. When the XFEM with time stepping schemes is used, results have an error due
to a moving interface described in Section 3.1. This is because different discretization meth-
ods are applied in space and time respectively. In this case, additional treatments like the
ghost-fluid method [37, 38, 39, 40] are necessary to mitigate this error. On the other hand,
the proposed space-time XFEM does not suffer from this error because the finite element
discretization is applied in both space and time. Hence, the space-time XFEM is suitable
for this benchmark problem. The parameters for geometry and material are summarized in
Figure 3.22 and Table 3.11. The center region of |x/D| < 1.5 and |y/D| < 1.5 (Region A in
Tables 3.11 and 3.12) is discretized by fine square meshes (m X m meshes) and the outside
of this region (1.5 < |z/D| < 51.5 or 1.5 < |y/D| < 51.5) is discretized by exponentially
coarsened rectangle meshes. The “do-nothing” boundary conditions (traction free boundary

condition) are applied on the outer boundaries (x = £L, or y = £L,).
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Figure 3.22: Model of in-line oscillating cylinder (time ¢™)

Table 3.11: Parameters for geometry and material (in-line oscillation of cylinder)

Group Description Parameter
Cylinder diameter D =0.0Ilm
frequency of in-line oscillation f
amplitude of %! A =KeD/2m
center position xV(t) = —Asin(27 ft)
ycyl =0
maximum velocity in V, = max(v¥') = 2w fA
Grid whole size L,/D=1L,/D =515
fine mesh region (Region A)  |z/D| < 1.5,]y/D| < 1.5
Fluid Reynolds number Re =100
Keulegan-Carpenter number Kc =5
kinematic viscosity vl =V,D/Re
body force b’ = (0,0)m/s?

The weak form of the space-time XFEM is (3.61). In this example, the spatial coordinates
x and y are non-dimensionalized by the diameter of the cylinder D. The time ¢ is also non-
dimensionalized by the period T (or frequency f) as a cycle 7. The computation is performed
at —0.75 < 7 < 5 and a temporal size of a space-time slab At = At/T = 1/480. It should
be noted that the ghost-fluid method [37, 38, 39, 40] is not used here.

The in-line force is generated by the periodic motion of the moving cylinder as a periodic

sinusoidal wave. Figure 3.23 is a comparison of the dimensionless in-line force f, computed by
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(a) XFEM r (b) Space-Time XFEM
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Figure 3.23: Comparison of dimensionless in-line force f,
(a) XFEM (b) space-time XFEM
(Model 5 in Table 3.12, 0 < 7 < 1)

the XFEM and the space-time XFEM. Pressure contribution of f, computed by the XFEM
(Figure 3.23(a)) highly oscillates and this oscillation is entirely due to a computational
error as comparison of the numerical results against the reference experiment [85] (Figure
3.21). The XFEM with time stepping schemes cannot guarantee the continuity of state
variables along time because the approximation of the time derivative terms fails due to
moving interfaces; see Section 3.1. Therefore, the XFEM with time stepping schemes is not
meaningful to evaluate Cp and Cy;. On the other hand, f, computed by the space-time
XFEM (Figure 3.23(b)) has a smooth distribution which agrees well the experimental result
(Figure 10 of [85]) and computational results using the body-fitted FEM (Figure 9 of [86]).
As the finite element discretization is applied to both space and time in the space-time
XFEM, the effect of a moving interface is successfully captured and the continuity of state
variables along time is guaranteed.

Figure 3.24 shows the effect of the face-oriented ghost-penalty method in the space-time
XFEM. The left figure is the history of the condition number of the Jacobian as an indicator

of ill-conditioning. The right figure is the history of f,. Using the space-time XFEM without

www.manaraa.com



58

1030 T T T T T T T 3

—— With Ghost-Penalty
—— W/O Ghost-Penalty

—_

(=3
2
w

| |
N

Iy 1l 1 at

| 2%
—— With Ghost-Penalty ]
—— W/O Ghost-Penalty ]
10 I I I | | | |

-0.75 0.7 -0.65 06 -055 -05 -045 -04 -0.75 0.7 -0.65 -0.6 -0.55 -05 -045 -04
Cycle 7 Cycle 7

._.
S)
[

Condition Number of Jacobian
=

10

Figure 3.24: Effect of face-oriented ghost-penalty method
(Model 3 in Table 3.12)

the face-oriented ghost-penalty method (blue line in Figure 3.24), the condition number of
the Jacobian is large and fluctuates largely due to the creation of small intersected volume
by a moving interface. Finally, the transient analysis diverges at 7 = —0.53125 at an early
stage due to ill-conditioning. On the other hand, the space-time XFEM with the face-
oriented ghost-penalty method (red line in Figure 3.24) reduces the condition number of the
Jacobian and its fluctuation. As the ill-conditioning problem is mitigated by the face-oriented
stabilization, stable computation is achieved in this case. The results shown in Figures 3.23
and 3.24 suggest that the space-time XFEM with the face-oriented ghost-penalty method is
a stable and efficient method for moving interface problems.

Figures 3.25 is the distribution of velocity in x: v/ using Model 5 in Table 3.12. There is
a good agreement between Figure 3.25 and Figure 3.19 (Figure 7 of [86]). Figure 3.27 shows
the distribution of normalized velocity vy /V, and Ug: /Vz at four x locations in different phase
positions corresponding to Figure 3.25. These distributions agree well with the ones in Figure
3.20 (Figure 8 of [85] and [86]). Thus, the results again suggest that the proposed method
can reproduce numerical reference results using a moving interface problem.

Representative measures of this problem: drag coefficient C'p and added-mass coefficient
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(a). 180° (b). 210° (c). 330°

Figure 3.25: Distribution of v/ and streamlines at different phase positions
(0 =271 =27 ft)

Table 3.12: Computational results and references of Cp and Cy (Re = 100 and Kc = 5)

Model Mesh Space-Time h/D AT Ch Cu
(Region A) Active DOFs (Region A) (At/T)
at 7 =29
1 39 x 39 27816 1/13 1/480 2.0319 1.4315
2 59 x 59 45784 3/59 1/480 2.0633 1.4026
3 79 x 79 68216 3/79 1/480 2.0911 1.4117
4 99 x 99 94992 1/33 1/480 2.1142  1.4239
) 119 x 119 126112 3/119 1/480 2.1198 1.4236
Ref.1  Table 1, Set C of [85] (experiment) | 2.0900 1.4500
Ref.2  Table 2, Mesh 480 x 400 of [86] 1/720 2.0800 1.4340

(Region A: |z/D| < 3 and |y/D| < 3)

pressure contrib.
shear contrib.
total j;

---- eqn(78)

0 1 2 3 4 5 4 4.2 4.4 4.6 4.8 5
Cycle 7 Cycle 7

Figure 3.26: Dimensionless in-line force f, (Model 5 in Table 3.12)
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Cwm are computed by the Fourier integral of the Morison equation (3.78)~(3.80). Table 3.12
shows the dependency of Cp and Cy with respect to the spatial discretization size h/D and
reference solutions of [85] and [86]. Cp and Cyy are evaluated at the fifth period (4 < 7 <5:
70 = 4 at (3.79) and (3.80)). The converged solution is obtained using the finest model
(Model 5) of Table 3.12. Using Model 5, the values of Cp and Cy are Cp = 2.1198 and
Cy = 1.4236. The difference of Cp and Cy with respect to results of Diitsch et al. [85]
are 1.4% and -1.8% respectively. Figure 3.26 shows the history of dimensionless in-line force
using Model 5. The total f, (black line) is the summation of the pressure contribution
(blue line) and the velocity contribution (green line) in this figure. The right figure is the
history at the fifth period which is actually used for computations of Cp and Cy. The
red line represents the approximation by the Morison equation (3.78). As [85] and [86]
reported, an approximation of f, by the Morison equation always has discrepancy around
peaks of f, like Figure 3.26 and this discrepancy reveals a limitation of the Morison equation.
Guilmineau et al. [86] also referenced Diitsch et al. [85] and the difference of Cp and Cy
were -0.5% and -1.1% respectively using an O-type structured fixed grid and a fixed interface
assuming time-dependent interface condition. Although the difference of Cp and Cy; of the
proposed space-time XFEM is larger than [86], the difference of the proposed method from
the reference is less than 2% and thus, this computational result is still acceptable. In
addition, the proposed method handles a moving interface directly and thus, the space-time
XFEM with the face-oriented ghost-penalty method is an attractive method which has the

applicability for various moving interface problems.
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Figure 3.27: Distribution of velocities at different phase positions: (a)180°, (b)210°, (¢)330°
(Model 5 in Table 3.12, corresponding to Figure 8 of Guilmineau et al. [86])
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3.7 Discussion

This chapter presents a space-time extended finite element method (space-time XFEM)
based on the elementwise temporal layer approach using the Heaviside enrichment and the
face-oriented ghost-penalty stabilization. for moving interface problems. A simple space-time
integration based on the summation of spatial integration at multiple temporal quadrature
points was introduced as the elementwise temporal layer approach. Each space-time element
is subdivided into multiple temporal layers along time by considering its intersection con-
figuration. Furthermore, temporal integration points are defined in each temporal layer and
each temporal layer is cut by planes on these points parallel to the spatial domain. The cross
sections created by this cut are called as the temporal slices in this thesis. As the number of
temporal slices in each temporal layer affects the effective time increment, a larger number
of slices is beneficial from the viewpoint to get a faster convergence in terms of the time
evolution. In this thesis, three temporal integration points are defined in each temporal
slice. Integration points for a space-time volume are distributed on each temporal slice using
the same numerical integration scheme used in the standard XFEM. Integration points for
space-time interface are set on a space-time interface which has the same dimension as the
spatial domain. If the spatial dimension of a system is d, the procedure to set volume and
interface integration points for the space-time XFEM is identical to the method for setting
the volume integration points for the d-dimensional spatial XFEM. As higher-dimensional
decompositions of a space-time slab like the simplex triangulation method are not needed,
the proposed space-time XFEM eases significantly the implementation of the space-time
integration. The space-time interface condition was prescribed by Nitsche’s method. In
addition, the face-oriented ghost-penalty method was applied in the space-time XFEM for
mitigating the ill-conditioning problem due to small intersected space-time elements.

The proposed space-time XFEM was studied with an elasto-dynamic problem, which

assumed a spatially two-dimensional two-phase problem using the finite strain theory and
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the hyperelastic material. The comparison of four methods (spatial FEM spatial XFEM,
space-time FEM and space-time XFEM) was performed. It was confirmed that results
of the space-time XFEM and results of the space-time standard FEM (no interface) were
identical. The implementation of Nitsche’s method for the space-time interface condition was
verified. A faster convergence of L2 errors was achieved using the space-time FEM/XFEM
when compared to the spatial FEM/XFEM. This was because the space-time elements have
internal temporal integration points and the effective time increment was smaller than the
spatial FEM/XFEM.

The space-time XFEM was also applied to spatially two-dimensional transient fluid prob-
lems. The incompressible Navier-Stokes fluid was assumed and both fixed and moving in-
terface conditions were computed. As a fixed interface problem, the well-known DFG 2D-3
benchmark problem was studied using both the spatial XFEM and the space-time XFEM.
While the numerical accuracy of physical quantities that had a steady-state like behavior was
quite similar in both method, the space-time XFEM could evaluate physical quantities that
had a dynamic characteristic more precisely than the spatial XFEM using the same time
increment. As a moving interface problem, the flow around an in-line oscillating cylinder was
studied. The divergence of numerical solution was avoided successfully by the face-oriented
ghost-penalty stabilization and it was confirmed that the face-oriented ghost-penalty method
was effective to stabilize the numerical computations, especially for moving interface prob-
lems. The space-time XFEM overcomes numerical errors due to moving interfaces without
any additional treatment such as the ghost-fluid method. Hence, the space-time XFEM pre-
dicted the smooth evolution of the in-line force similar to previous works (experiment and
results with body-fitted fixed interface problem) using a moving interface problem.

Through these numerical examples, the space-time XFEM has great advantage in terms of
stability, accuracy and flexibility for problems with moving interfaces. The space-time XFEM

is applicable to complex moving interface problems, such as immiscible multiphase fluid
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flow, non-ALE fluid-structure interaction and acoustic analysis around moving structures.
The proposed elementwise temporal layer approach can be performed from one to three
dimensional problems by using conventional settings of volume integration points of the
XFEM. As this thesis focused on spatially two-dimensional problems, the proposed method

needs to be studied using spatially three-dimensional problems in the future.
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Chapter 4

Fluid-Structure Interaction

4.1 Outline

Transient problems with moving interfaces can be computed by the proposed space-
time XFEM with increase accuracy and stability, compared to the XFEM approaches using
time stepping schemes (Chapter 3). Robust and stable mathematical treatment for moving
interfaces enhances the flexibility of the computational method for fluid-structure interaction
(FSI) problems. In this thesis, non-standard FSI methods (non-ALE methods) with moving
interfaces are studied, focusing on FSI-contact problems which are difficult to solve by the
ALE-FSI. This chapter presents a classification of the numerical methods for FSI problems.
More flexible FSI methods than the conventional ALE-FSI method are proposed for multi-

physics FSI problems including large deformation and contact.

4.2 Classification of Numerical Methods for FSI

FSI is widely found in the physical world. The physical aspect of FSI is that fluid forces
act on a solid and the deformation of the solid reaction affects the fluid flow. Applications
of FSI models are widely considered for the design of industrial products, such as tires,
airbags, aircraft, trains, vehicles, and biomedical problems such as interactions between
organs and blood fluids. From a computational mechanics, there are some combinations of
computational methods to solve these problems. Computational FSI methods are categorized
by the following four factors; physical description, interface, solver and coupling in Figure

4.1.
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Physical Description Coupling (solid and fluid)

\ Lagrangian
Description /

\ Eulerian

Description

Interface

Solver
Interface
Tracking /

Figure 4.1: Category about numerical methods for FSI

4.3 Solution Method and Coupling

This section focuses on solution methods and couplings described in Figure 4.1. In FSI
analysis, how to couple multi-physics phenomena is an essential key for the computation
of FSI. In this research, the monolithic method is always used. The monolithic method
is the strictest FSI solution method, which couples multi-physics phenomena at each time
step. Considering FSI between phases a and b, the physical response in both phases at the
next time step is computed by the physical response at previous time step and also current
physical quantities mutually. The diagram of this solution method is shown in Figure 4.2.
Blue and red arrows represent FSI. Blue arrows represent contribution from the physical
response at the previous time step ¢,. A red arrow means that a,; and b,,1 are computed
simultaneously. This method is also called the strong coupling method and forms the basis for
the fully-implicit residual and Jacobian. This method has the ability to treat FSI problems

with large nonlinearity.

4.4 Physical Description and Treatment of Interface

Important characteristics to differentiate FSI methods are the physical description and
treatment of interface described in Figure 4.1. First, focusing on the physical description.

is a natural description of solids and also called the material
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Apt1 e Monolithic Method

Residual

Ra = Ra(an+1, bn+17 A, bn> (41)
R, = Rb(bn—l—h An41, bna an) (42)

bn+1
Jacobian
> t
tn tn+1 Ty = Ju(ansrs bpsts my b)) (4.3)
Figure 4.2: Monolithic method Jy = Jo(bnt1, a1, bp, an)  (4.4)

(Strong Coupling)

description. Physical quantities are defined at material points and thus, deformable meshes
are usually used in this case. On the other hand, the Eulerian description is a natural
description of fluids and also called as the field description. As there is no material point
in the Eulerian description, physical quantities are defined in a fixed background mesh.
Background meshes do not deform and keep their initial shape. For numerically solving
FSI problems, the choice of the physical description of the solid and fluid phases has great
impact on the numerical implementation and the flexibility such as the treatment of large
deformation and contact.

The treatment of the interface is related to the physical description. When the Lagrangian
description is applied, one can track the explicit interface defined by the edge of deformable
meshes. Therefore, the interface tracking method can be used for the Lagrangian description.
In contrast, when the Eulerian description is applied, the immersed boundary modeling is
necessary to capture interfaces. The first attempt of the immersed boundary method was
the volume of fluid method (VOF). The VOF defines interfaces by referencing the volume
fraction of the fluid and is frequently used for FSI analysis. But there is a tendency that the
interface fades due to the intermediate volume fraction. This drawback is fatal for complex
interface geometries. The level set method does not suffer from this issue. The immersed

interface is directly treated by an iso-contour line of the level set function.
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Based on the physical description and the treatment of the interface, there are some
representative methods for FSI. The most widely used and traditional way is FSI based on
the arbitrary Lagrangian-Eulerian (ALE) formulation (Belytschko et al. [58], Huerta et al.
[59, 60], Nitikitpaiboon and Bathe [61, 62], Bathe et al. [63]). This approach is called the
ALE-FSI method in this thesis. In the ALE-FSI method, the solid domain is defined by
deformable mesh based on the Lagrangian description. The fluid domain is also defined by
deformable mesh to follow the deformation of the solid like a Lagrangian fashion, but the
deformation of fluid mesh is driven by the fictitious velocity. This treatment is called the
ALE formulation. FSI interfaces are explicitly defined by deformable meshes in this case.
The left column of Figure 4.3 shows an image of mesh deformation in the ALE-FSI method.

The drawback of the ALE-FSI method is the computational limit due to the mesh defor-
mation of the fluid domain. In the ALE-FSI method, the fluid ALE mesh around the solid
domain must follow the deformation of the solid. It is difficult to preserve the topology of the
fluid ALE mesh when large deformation of the solid occurs and then, the computation fails.
Figure 4.4 shows one example of the breakdown of ALE meshes due to large deformation
of the solid. The contact is also related to this drawback. Considering a FSI system where
a solid (2g is initially immersed in a fluid phase (; see Figure 4.5 on the left, When the
solid contacts on the ground, the fluid mesh at the contact region should be annihilated.
Although the ALE-FSI method can approximate this contact phenomenon with thin mesh,
this technique does not allow for topological changes of the fluid mesh and becomes unsta-
ble and ill-conditioned. Therefore, it is difficult to handle contact phenomenon using the
ALE-FSI method.

The full-Eulerian FSI method (Frei and Richter et al. [64, 65], Richter [66], Kamrin et al.
(67, 68]), recently enjoys increasing attention. This method applies the Eulerian description
for both the solid and fluid phases, and the interface capturing method such as the level

set function method is used. Fixed background meshes are used for both the solid and fluid
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Lagrangian Description Eulerian Description
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Figure 4.3: Image of mesh for FSI

Figure 4.4: Drawback of ALE-FSI 1
(Breakdown of fluid mesh)

Initial Configuration Contact

\

Qp

/ \
Figure 4.5: Drawback of ALE-FSI 2
(Annihilation of fluid mesh due to contact)

www.manaraa.com



70

phases. The right column of Figure 4.3 shows an image of mesh in the full-Eulerian FSI
method. As the background meshes do not deform, larger deformation can be computed
than with the ALE-FSI method. In addition, contact can be simulated by the full-Eulerian
FSI method because it allows for the topological changes of the fluid phase. One difficulty of
this method is a stability issue due to the treatment of the solid phase based on the Eulerian
description. The momentum equation of the solid phase includes the convection of material
points based on the Eulerian description and thus, the stabilization for the convection term
is needed in the solid phase like the fluid phase. Another difficulty is the representation
of the FSI interfaces. Using the level set function as an interface capturing method, the
interfaces are evolved by the Hamilton-Jacobi equation of the level set function and thus, a
smaller time increment is always needed to capture reasonable interfaces.

Another way to compute FSI uses a mixed formulation of the Lagrangian and Eulerian
description. Mayer, Wall, et al. [69, 70] proposed the XFEM based fixed grid approach using
the ghost-fluid method to handle FST and contact simultaneously. Miller et al. [91] proposed
the oversetgrid method which is the combination of ALE-FSI method and Eulerian fluid
analysis. In this thesis, the Lagrangian-immersed FSI method is proposed. The Lagrangian-
immersed FSI uses the Lagrangian description for solids and the Fulerian description for
fluids respectively. Solid bodies defined by the Lagrangian description are immersed within
the Eulerian background meshes. The physical description changes across the interface
between the solid and the fluid. This main concept is identical to [69, 70]. The main
advantage of this method is that natural physical descriptions are used for both the solid
and fluid phases. Interfaces in the fluid system are captured by the deformed interfaces of the
solid system. In this case, the deformation of a solid body is trackable due to its deformable
meshes based on the Lagrangian description. Therefore, tracking deformation is much easier
than the Full-Eulerian FSI method. As solid bodies are completely disconnected from the

fluid background mesh, large deformation and contact can be simulated without considering
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the breakdown of the fluid ALE mesh in the ALE-FSI method. The challenging point of
the Lagrangian-immersed FSI method is the treatment of FSI between the two different
physical descriptions. The FSI computation in the Lagrangian-immersed FSI is performed
on non-matching interface pairs of the solid and fluid systems.

Table 4.1 summaries computational methods for FSI considering physical description.
The full-Eulerian FSI method and the Lagrangian-immersed FSI method are discussed in

Chapters 5 and 6, respectively.

Table 4.1: Computational methods for FSI

| || ALE-FSI | Full-Eulerian FSI | Lagrangian-Immersed FSI |
Solid Lagrangian Eulerian Lagrangian
Fluid ALE Eulerian Eulerian
Interface interface tracking | interface capturing | solid=interface tracking
fluid=interface capturing
Challenging || large deformation treatment of FSI on non-matching
Points and contact Eulerian solid interface pair
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Chapter 5

Full-Eulerian FSI Method using XFEM

5.1 Outline

This chapter focuses on the full-Eulerian FSI method using the XFEM and the time
stepping scheme, as a non-standard FSI method for complex FSI-contact problems. There
are two physical descriptions for the continuum body. One is the Lagrangian description,
and the other is the Eulerian description. Focusing on the Eulerian description, there is no
material point and physical quantities are observed on the fixed background points. This
formulation bypasses the issues and limitations of the ALE-FSI formulation. As the solid
phase is also represented in the fixed meshes, simultaneous treatment of both FSI and contact
is possible. This chapter focuses on the FSI based on the Eulerian description, which is called
as the full-Eulerian FSI method.

The key challenge of the full-Eulerian FSI method is the treatment of the solid phase
based on the Eulerian description. There are several ways to model the deformation of a
solid object based on the Eulerian description. For examples, Okazawa et al. [92] performed
the Eulerian solid analysis based on the propagation of the deformation gradient F. Based
on this research, displacement wu; is not defined and it is hard to reproduce u; from F. On
the other hand, the research of Kamrin et al. [93, 67, 68] and Levin et al. [94, 95] is based
on the advection of the material coordinate (initial configuration) X;, which is called as the
reference map. This method can compute the displacement as u; = X; — z;. Considering
the actual product design, the displacement is one of important quantities of structures and
also important for numerical applications such as the optimization. Therefore, this thesis

follows the work of [93, 67, 68, 94, 95].
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Sections 5.2 and 5.3 discuss the general theory related to the solid phase. In Section
5.4, the Eulerian solid analysis using the standard FEM is summarized. Sections 5.5 - 5.7
discusses the theory, numerical implementation and numerical examples of the Eulerian solid
analysis using the XFEM with a standard time stepping scheme. Sections 5.8 and 5.9 provide
the theory and numerical examples of the full-Eulerian FSI method using the XFEM and
the time stepping scheme. Finally, Section 5.10 summarizes the findings for the full-Eulerian

FSI method using the XFEM.

5.2 Mechanical Theory of Solids based on Eulerian Description

As the full-Eulerian FSI applies the Eulerian description to both the solid and fluid
phases, it is necessary to describe the response of the solid phase by the Eulerian description.
The treatment of the Eulerian description is the conventional way for the fluid phase. On the
other hand, the treatment of solid phase based on the Eulerian description is not natural and
thus, it is the challenging point of the full-Eulerian FSI method. This section summarizes
the mechanical theory of elastic solids based on the Eulerian description.

Considering the conservation of momentum of a continuum body based on the Eulerian

description, the Cauchy momentum equation using material derivative is:

DUZ' 87%- avi 80'2']'
—p= = b | 5.1
"Dr ~Par TP, " oz, 77 (51

where v; denotes the solid velocity, p the denotes solid density, b; denotes the body force
and o0;; denotes the Cauchy stress tensor. If the material is compressible, o0;; is a function
of just the displacements w. If the material is incompressible, o;; is a function of w and the
hydrostatic pressure p; o;;(u,p) = —pd;; + 6;;(w), where 7;; is a deviatoric stress tensor.
Considering a material point of the Lagrange description with X; being its spatial coordi-

nates in the initial configuration, the time derivative of X; is zero based on the Lagrangian
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description:

DX; dX;
Dt dt

=0 (Lagrangian description) , (5.2)

where % denotes a total derivative and % denotes a local time derivative. Using the Eulerian
description, a total derivative is interpreted by a material derivative that considers the

advection of particles of a continuum body. Therefore, (5.2) is rewritten as follows:

DX, 0X; N X
_ Iy, O
Dt ot 7 O,

=0 (Eulerian description) . (5.3)
The displacements at the fixed background points x are computed as follows:
ui(x,t) = x; — Xi(x,t) . (5.4)

Kamrin et al. [93, 67, 68] and Levin et al. [94, 95] call X, a reference map and use (5.3) and
(5.4). From the displacements w, one can compute strain measures such as the infinitesimal
strain e;;(u) and the inverse of the deformation gradients F;'(u). As the displacements

are defined in this method, conventional post processing (stress evaluation) of the standard

FEM can be used:

1/ du, »
Infinitesimal strain: gij(u) = 3 (g;tj + gzZ) ; (5.5)
Finite strain: Fi(u) = o, = (1:8% ) =i — (9?:; : (5.6)

However, X; is not necessary because all strain measures can be computed by the displace-
ment w. Mathematically, reference maps X are the linear combinations of displacements
u and current coordinates @ defined on the fixed background meshes like (5.4). As x is
constant, X is computed from w. X contains more excessive information than w. Consider
the advection of 1D rigid body with a constant advective velocity along x direction; v,, the
advection of X, (5.3) should keep the triangle shape with slope 1 because of X, = z at t = 0.
Differential equations which have odd spatial derivatives are numerically unstable because

the direction of the propagation is not symmetric, and stabilization methods such as the
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SUPG (stream-upwind/Petrov-Galerkin) method is needed to solve (5.3). Using stabiliza-
tion methods, numerical divergence is suppressed but the dissipation of advected properties
due to these stabilization methods cannot be avoided. The advection of X, using appropriate
stabilization method is illustrated in Figure 5.1. Dissipation due to the stabilization method
generally occurs on the trailing edge of the wave. As time goes on (from blue to red), a
sharp edge in the initial configuration (blue line) becomes round due to the dissipation due

to stabilization methods.

X, Time
A —

0 / > X

Figure 5.1: Image of 1D advection of reference map X, using stabilization method

From the fact that the dissipation occurred at the trailing edges of waves, numerical dis-
sipation is suppressed when there is no trailing edge in the initial configuration. Considering
the 1D advection of a rigid body (% = 0), the advection of displacement u, is more stable
than (5.3). Therefore, the advection of the displacements is used instead of (5.3) in this

research:

E + Uja_ilij =; . (57)

In the Eulerian FEM, interfaces of solid are not defined explicitly and an interface cap-
turing method is essential to define interfaces of solid phase. The level set function ¢ is

used as an interface capturing method in this research. The time evolution of the level set
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function is also defined by an advection equation as follows:

8o 9o

5.3 Conservative Level Set Function (CLSF)

The definition of the solid interface by the iso-contour line of the level set function ¢ is the
key factor of the Eulerian solid analysis. However, when the level set function is propagated
by (5.8) using a stabilization method like the SUPG, leaking of the volume of the level set
function frequently occurs. It is hard to conserve the total volume of the level set function.
To propagate the level set function accurately, the conservative level set function (CLSF)
method (Olsson et al. [96, 97]) is an efficient way. This CLSF method can maintain the
conservation of the volume of the level set function by introducing a reinitialization step. A
point to be aware of using the CLSF is that the form of the level set function is limited to a
Heaviside-like step function. The following equation is an example of a Heaviside-like level
set function to represent a circular structure with the radius r:

otw) = 1+ o2 T e ni) (59)
The value of ¢ is restricted between 0 and 1. ¢4 is the characteristic length with ¢4, > 0 and
defined by the spatial element size h and a coefficient dg; 0 < dg < 1. When dy is set to
a smaller value, a sharper distribution is obtained. On the other hand, when dy4 is set to
a larger value, the slope of the level set function becomes small. Generally, functions that
change drastically tend to cause the instability in numerical computations, especially due to
the calculation of their derivatives. Therefore, d, is set as 0.1 in this research. This CLSF

method consists of the following three steps:

Step 1: Advection % + ng—i =0, (5.10)
T _1 09

Step 2: Normal Direction n; = ||V¢|| e (5.11)
€T
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Step 3: Reinitialization % n ia% {¢(1 _ ¢)ﬁ]} - Z_Z@% Kg—ink) ﬁj} . (5.12)
(5.10) is the basic form of the Hamilton-Jacobi equation. (5.11) and (5.12) are additional
treatments by the CLSF. (5.11) is to compute the normal direction based on the result of
the advection (5.10). (5.12) is the implicit reinitialization step, making ¢ smoother. f, is
a fictitious mass coefficient and set as 10 in this research. The values of ¢ are restricted

between 0 and 1 due to the second term in the left-hand side.

5.4 Preliminary Study for Eulerian Solid Analysis

This section shows a numerical example of the Eulerian approaches such as the CLSF
method and the reference map using the finite element (FEM), as the preliminary study of
the Eulerian solid analysis using the XFEM. In this section, the propagation of the level set
function around a 1D beam is computed. The beam is modeled by 2-node beam elements
(BEAM?2). Although the deformation of a continuum body is calculated based on a geomet-
rically 1D beam model, the reference map X, the level set function ¢, strains and stresses

are calculated in 2D in this case.

5.4.1 2-Node Beam Element (BEAM?2)

This section summarizes the isoparametric representation for a BEAM2 element. The
following discussion is common in both the Lagrangian approach and the Eulerian approach.
The degrees of freedom of BEAM2 are two displacements in y direction and their first

derivative with respect to . A solution vector for the element e is defined as follows:

T
uez(uyl 0wy 92) 5 (5.13)
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U

where 6 denotes a derivative of the displacement u, with respect to x: 0 = %—xy. The shape

functions for a BEAM2 element are the Hermitian cubic shape functions:

Ny = }1(1 —&*(2+9), (5.14)
Noy = él(l —&*(1+9), (5.15)
No=1(1+€7@~8) (5.16)
Ny = —él(l +6)3*1-¢). (5.17)

The isoparametric coordinate £ is defined as:

I
Il
~| D

r—1. (5.18)

The Jacobian for the isoparametric transformation is as follows:

dex 1
J=—==. 5.19
3 (5.19)
The derivatives of shape functions with respect to the Descartes coordinates are calculated

as follows using the Jacobian (5.19):

dNi _ Ly dN; _ 24N,

o T (1=4d1,01,d2,02) . (5.20)
These derivatives are summarized as follows:
First Derivatives w.r.t « Second Derivatives w.r.t. x
dNg 3 9 d’> Ny 6
dNy 1 d? N, 1
dxl = ;1901 +3), (5.22) dmjl = 7(35 -1), (5.26)
de2 o 3 2 d2Nd2 6
Iy = 2—1(1 —-&), (5.23) 5 = _l_zg , (5.27)
dNgy 1 d? N, 1
=——(1 1-3 5.24 o2 _ -
o 7180 =36, (5.24) =36+ 1) (5.28)
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In the following discussion, row vectors of shape functions are used for the weak form:

N = (Ndl No1 Nao Nez) ; (5.29)
N, = (d(zivjl dé\/;l dé\;dz dil\;M) 7 (5.30)
BE(dZ;V;l R diﬁfz)- (5:31)

5.4.2 Static Beam Analysis based on Lagrangian Description

Before discussing the dynamic analysis based on the Eulerian description, this section
summarizes the static analysis based on the Lagrangian description. This section assumes
infinitesimal strains based on Felippa [98] and Kwon [99].

The static analysis is to calculate the balance of the force and moment, adn the corre-
sponding displacements. The total potential energy of the element e has the quadratic form

in terms of the nodal displacements:

I, u'K.u, —ulf, . (5.32)

N | —

In (5.32), K. and f. are the local stiffness matrix and the local nodal force vector defined as

follows:
! U EI
K, = / dx B'B = / dgTBTB, (5.33)
0 —1
l 1 ql
fe:/ da qNT:/ deNT, (5.34)
0 -1

where E is the Young’s modulus, [ is the moment of inertia and ¢ is the load. These three

variables are functions of x in general. If the bending rigidity FI and the load ¢ have an
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uniform distribution, (5.33) and (5.34) can be calculated analytically as follows:

12 61 —12 6l
EIl (! EI 412 —61 212
K, = - déBYB = - : (5.35)
-1 12 —6l
\Symm 412
1
I [ 111/6
fo= q—/ aent = 4|0 (5.36)
2/, 2 | 4
1/6

Assuming a deflection of the beam due to the body force with the constant bending rigidity,
(5.35) and (5.36) can be used because ¢ = —g, which has a constant distribution everywhere.
Then, assembling K. and f. of all elements in the system, displacements and rotations
(derivative of displacements) of each node are determined by solving the balance of forces
and moments. K and f are the total stiffness matrix and the total force vector. If the beam

has N nodes, K is a 2N x 2N matrix and following f and w are 2N dimension vectors:

Ku=f (5.37)
FU=(for, oo fyn, fon) (5.38)
u' = (1,61, uyn, On) (5.39)

By solving (5.37), the stationary solution of the beam deflection is determined.

5.4.3 Dynamic Beam Analysis based on Lagrangian description

The stationary solution of the deflection of a beam can be calculated based on the method
outlined above. But the method of the static analysis cannot be applied to the finite element

method based on the Eulerian description (Eulerian FEM) because the Eulerian FEM is
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inherently a dynamic analysis. This section summarizes the method of the dynamic analysis
for BEAM2 elements based on the Lagrangian description.

The governing equation of the dynamic BEAM2 analysis using the FEM is as follows:

d*u du
M— — + Ku = 4
e +C o +Ku=f, (5.40)
UT = (uyl 91 e uyN 6N> s (541)

where M, C', K and f are the mass matrix, the damping matrix, the stiffness matrix and the
force vector respectively. They are assembled by corresponding local matrices M., C, and

K., and local force vector f. defined as follows based on the continuous Galerkin method:

! 1
l
Local mass matrix: _m:/mmww:/@%ww, (5.42)
0 -1
l 1 cl
Local damping matrix:  C, =/ dr cNTN =/ df—NTN , (5.43)
0
: . : T BTl op
Local stiffness matrix: K.= | dv B'B = d§ —B B, (5.44)
0 -1
! L
Local force vector: fe= / drz gNT = / deNT . (5.45)
0 -1

If the mass and the damping coefficient are constant, the above matrices and vector can be
calculated analytically. As (5.44) and (5.45) are the same as (5.33) and (5.34) in the static
analysis, the results of analytical integration are identical to (5.35) and (5.36). M, and C,

are defined as follows:

156 220 54 13

A A2 131 —312
M:@/%WNZZ , (5.46)

2 20 156 —221

Symm 412
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156 220 54 13l

I (1 I 412 131 —302
C, = % / dENTN = é (5.47)

-1 0 156 —221

Symm 412
The central differencing method is used for the time integration of (5.40):
d2u(”)
Step 1: al™ = o M (™ — Co™ — Ku™) | (5.48)
du ™

Step 2: v /2 = il vV 4 Ata™ | (5.49)
Step 3: ") = u™ 4 At /2 (5.50)

where a, v and u denote accelerations, velocities and displacements respectively. The upper
subscript (n) denotes the time step. First, the acceleration at the current time step n is
calculated and then, the intermediate velocity at the time step n + 1/2 is also computed.
Finally, the displacement at the time step n + 1 is updated. Because the damping matrix
exists in this system, the dissipation of the energy occurs. Finally, the deflection of the beam
becomes stationary due to this dissipation of the energy. Therefore, the stationary solution
of the dynamic analysis is obtained, which is the same as the result of the static analysis

mentioned in the previous section.

5.4.4 Dynamic Beam Analysis based on Eulerian Description

The dynamic beam analysis based on the Eulerian description is an extension of the
one based on the Lagrangian description. Although the kinematic model is identical to the
Lagrangian approach, the deformation of the solid phase is represented by the CLSF method
in the Eulerian approach. It should be noted that the Eulerian approaches are used only
in the post-processing and the Eulerian approaches do not have an effect on the structural
analysis.

The advection velocity is calculated by the beam model outlined above and then, the
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Eulerian fields such as the level set function and the reference map, are calculated based on
the advection equation using the preceding advective velocity. The computation of the level
set function and the reference map is performed by 2D elements. In this case, QUAD4 is

used for the 2D spatial discretization. The procedure of this approach is as follows:

Procedure of the dynamic beam analysis based on the Eulerian description

Step 1: Calculate (5.48) - (5.50) = Set the advective velocity v,
9¢ 9¢ _

Step 2: Propagate the level set function — — +v,— =0 (5.51)
ot 8xj
0X; 0X;
Step 3: Propagate the reference map — +0j—=0 (5.52)
375 8x]~
. (91% _ 8’Ui
Step 4: Propagate the velocity field — +0;-—=0 (5.53)
ot 8:15]-
Step 5: Calculate the displacement ur (@) =y — X () (5.54)
d*u
Step 6: Calculate the curvature k= ~ = Bu® (5.55)
T
u® = (uyl 01 Uqy2 92) (556)
Step 7: Calculate the local strain gnth) — —(X?SNH) —Yo)K (5.57)
Step 8: Calculate the local stress gt — Fe (5.58)

Step 9: Rotate the local strain and stress into the global coordinate system

= Go back to Step 1

5.4.5 Numerical Example of 2D Beam Analysis

This section compares the dynamic beam problems using the FEM based on both the
Lagrangian and the Eulerian description. The benchmark problem is the deflection of a
cantilever beam due to the body force. The initial configuration of this cantilever beam is

listed in Table 5.1 and shown in Figure 5.2.
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7 Table 5.1: Setting of cantilever beam

o7 7 Parameter Symbol Value

st ] length L )
height h 1.2

| cross section A 1

st ] density p 1

n bending rigidity ET 100
damping coefficient c 0.6

tr time increment At 10~4

. ‘ N spatial increments Az, Ay 0.2

a 1 2 3 4 5 & 7 8

Figure 5.2: Initial configuration of beam

Figure 5.3 shows the result of the dynamic beam analysis based on the Lagrangian de-
scription. The blue mesh shows the deformed Lagrangian mesh and the red line indicates
the neutral axis of the analytical solution. The neutral axis of the Lagrangian approach
agrees well the one of the analytical solution. Figure 5.4 shows the result of the dynamic
beam analysis based on the Eulerian description. The blue shading represents the value of
the level set function and the red line is the neutral surface of the analytical solution same
as Figure 5.3. The deflection of a beam is identical to the result of the Lagrangian approach
because the same BEAM2 model is used in both approaches. The solid phase in the Eulerian
approach is appropriately represented by the level set function, comparing with Figure 5.3.
The Eulerian approach predicts a similar result of the Lagrangian approach. The drawback
of the Fulerian approach using the XFEM jagged interface like Figure 5.4. To represent

accurate interfaces, the XFEM is more suitable for the Eulerian analysis.
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71 i
0.8
6 L a
5t .
0.6
11 i
3| i 0.4
2 2 L i
0.2
1t Lagrangian Mesh 1 k . 4
Exact Neutral Surface e 1 Exact Neutral Surface
Wall —— Wall ——
0 1 L 0 1 1 1 1 1 1 0

0 1 2 3 4 5 6 7 8
0 1 2 3 4 5 5] 7 8

Figure 5.3: Result of Lagrangian FEM Figure 5.4: Result of Eulerian FEM
(blue: Lagrangian mesh) (blue: level set function)

5.5 Numerical Implementation of Eulerian Solid Analysis using XFEM

To simulate accurately interfaces of an Eulerian solid, the XFEM is more suitable than the
FEM. An interface can be represented by intersected elements of the XFEM more accurately.
To apply the XFEM to the Eulerian solid analysis, some special techniques are necessary for
the treatment of the void phase and the stabilization of the numerical formulation. Three

techniques are explained in this section.

5.5.1 Helmholtz smoothing Method

The momentum equation of the solid (5.1) is computed in the solid phase Qs. On the
other hand, the propagation of the level set function should be performed in the entire
computational domain €2 including the void phase 2y. Therefore, defining pseudo velocity
fields in the void phase €2y is essential for the Eulerian solid analysis. In this research, the

Helmholtz smoothing method is used to compute velocity fields in €2y. This smoothing is
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based on the Helmholtz equation defined as follows:

— Aa’ +k*a” =0 in Qy, (5.59)

a®=a on I'sy (5.60)

where a¥ and a® are some scalar fields in Qy and Qg respectively. (5.60) is a boundary
condition on the solid-void interface I'sy. For the velocity fields, a = v;. k is a coefficient
of the production term and k? is set to 1 in this section. To use this Helmholtz smoothing
method, velocity fields in the void Qy (outside of the solid structure) connects smoothly to
velocity fields in 25 and the resulting pseudo velocity field decreases monotonically in void

as the distance to the solid domain increases.

5.5.2 Nitsche’s Method

This section describes Nitsche’s method to enforce the CO continuities on the interfaces.
The original objective of the XFEM is to capture discontinuities on the interfaces, focusing
on the crack propagation. On the other hand, considering the Eulerian solid analysis, the
XFEM is used to represent solid interfaces, not to introduce the discontinuities in state
variables. While displacements are computed only in the solid phase ()g, velocities are
computed in both the solid and void phase by using Helmholtz smoothing method. Therefore,
the straightforward application of the XFEM based on a Heaviside enrichment strategy to
the Eulerian solid may introduce introduces a discontinuity in the velocity fields v; on the
solid-void interface.

To avoid the discontinuity of the velocity fields on the solid-void interface I'sy, Nitsche’s
method is applied to velocities v; in this research. Considering a generic two-phase problem

as shown Figure 5.5, the following continuity needs to be enforced:
[v;] =v{ —v?=0 on Ty, (5.61)

where vt denotes the velocity. in the phase 1: €y, v? denotes the velocity in the phase 2: Q,
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and [-] is the jump operator that computes the difference of the physical quantities on I'js.
The image of an intersected element is shown in Figure 5.5. For the pure solid analysis, one

of these phases is a solid phase and the other is a void phase, and I'j5 is ['sy.

Figure 5.5: Intersected element

Nitsche’s method (5.61) is applied to the momentum equation by introducing a penalty
factor to enforce weakly that velocity fields v; satisfy (5.61). Assuming 5 is a solid phase,

which is filled by a continuum body, and €2; is a void phase. The strong forms are as follows:

—Av;4+v;, =0 in € (Void Phase) , (5.62)
81}7; Ovi _ 8@- i . .
N + v, o, =p ! 85ch +b; in Qy (Solid Phase) , (5.63)

[v] =vf —v} =0 on I'ys (Solid-Void Interface) . (5.64)

Corresponding weak form of (5.62) - (5.64) is summarized as follows based on the formulation
of the symmetric Nitsche’s method, assuming compressible material as a simple case. The

derivation of (5.65) is summarized in Appendix B:

(Véw, ,on)l + (0w, pv)1 + (51;, p(?_'v +pv - Vo — pb)

ot + (V5U, 0')2 + <5'U,pV’U . ﬁ1_>2>

2 Tio

+<{5o—} SN, [[U]]>F12 + <[[5'v]], {0} ﬁH2>F12 + nN<5v1, [[v]]> =0, (5.65)

NP
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where (+), and <'>F5 denote the volume integral and the boundary integral:
Volume Integral: (a,b), = / dQ a’b , (5.66)
Qo
Boundary Integral: (a, b>F,6‘ = / dl' a™d . (5.67)
s

Red terms in (5.65) denote terms related to Nitsche’s method. n™ is the penalty factor for
Nitsche’s method. The test function for the last term at the left-hand side (the Nitsche’s
penalty term) is the test function of a void phase based on the one-sided Nitsche method.
This treatment is because of that the fictitious velocity on the void phase does not affect the

solid velocity. {-} is the averaging operator defined as follows:

{u} = w'u' +wu? Crw'+w*=1), (5.68)
{v} = w'o' +w?v? (5.69)
{60} = w'o(dv') + wo(0v?) . (5.70)

There are several ways to define these weighting factors w’. Here are examples of the

weighting strategies:

Equal Weighting w' =w? =05, (5.71)
I Ay Ay
Area Weight s - R 5.72
rea Weighting w 1A w A 1A, (5.72)
Modulus Weighting w' = _ B w? = B (5.73)
E| + By’ Ei+Ey’ '
A/ By Az /By

Dolbow et.al. [100] w' = , wi= , 5.74
[100) A1/ By + Ay By Ay/EyL+ Ay By (5:74)

where A; and E; are the area and Young’s modulus of phase i respectively. To satisfy the
traction free boundary condition on I'j5, a weighting strategy which is w! = 1 and w? = 0 is
appropriate. Therefore, the modulus weighting (F; = 0) is the appropriate method for the
Eulerian solid analysis. In addition, this thesis uses the one-sided Nitsche method, i.e. the
test function is constructed by only shape functions in €;: N!, such that the void phase Q)

does not affect the solution in the solid phase ()g.
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5.5.3 Face-Oriented Ghost-Penalty Method

The interface of the Eulerian solid is defined by the level set function ¢ on fixed back-
ground meshes. Therefore, intersected elements which have very small area (volume in 3D)
are generally created around the interfaces. If small elements exist, the condition num-
ber of the Jacobian becomes larger and the solution tends to become inaccurate. This
ill-conditioning problem leads to the blow-up of the solution, which is a purely computa-
tional phenomenon, not a physical problem. To avoid this ill-condition of the Jacobian,
the face-oriented ghost-penalty method proposed by Burman [55, 56] is an efficient way to
improve the stability.

Here, 2D Eulerian solid system that contains two phases is assumed: one phase is the
solid phase and the other is the void phase. The face-oriented ghost-penalty method is only
applied on the edges around intersected elements. The face-oriented ghost-penalty method

is applied on the faces of intersectedelements I'f5 as shown in 5.6.

Q;

GP
l-‘12

I

Figure 5.6: Boundaries for face-oriented ghost-penalty method

The objective of this method is to reduce the condition number of the Jacobian by

enforcing that the jumps of the flux of solution in both phases are zero. Thus, the following
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weak form of the face-oriented ghost-penalty method is added to (5.65):
—|—7]gp<[[V6'v]} -n, [Vv] 'fz,> on I'$H | (5.75)

where 18P is a penalty factor of the face-oriented ghost-penalty method. In the face-oriented
ghost-penalty method, the jump terms are integrated over the entire face, individually for
each phase that is considered. Thus, this method integrates twice over an intersected edge

in a solid-solid problem, using different interpolation functions and state variables.

5.6 Eulerian Solid Analysis using XFEM

Considering the Helmholtz smoothing, Nitsche’s method and the face-oriented ghost-
penalty method, the overall governing equations for the Eulerian solid analysis using XFEM
are summarized as follows. Section 5.6.1 introduces first strong forms and Section 5.6.2
summarizes the corresponding weak form. In this section, the incompressible solid is assumed

as the most complex case.

5.6.1 Strong Form of Eulerian Solid Analysis

The governing equations using velocities as independent state variables are summarized

as follows:
e Velocity
Iv; v, doj(u, :
o Momentum: ((;; + Uja—::j + av; = p—l%"jp) +b, in Qg, (5.76)
o dv; .
o Continuity: =0 in Qg , (5.77)
8:151-
o Helmholtz: Av; +v; =0 in Qy , (5.78)
o Nitsche: [vi] = v} — v =0 on gy, (5.79)
ov; | . dv} v\ .
o Ghost-Penalty: Haxjﬂnj = <8x]~ — axj)nj on T . (5.80)
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In this section, o;; denotes the stress tensor, which is a function of w and p. The additional
viscous term aw; is introduced in (5.76) such that the structure converges to a steady-state
solution the equilibrium state and « is set to 1 in this research.

The governing equations for the displacement field and the level set function are summa-

rized as follows.

e Displacement

— +vj——v=0 in Qg , (5.81)
ot J(‘?xj

o Advection:

e Conservative Level Set Function (CLSF)

. 09 op .
o Advection: T + v, o 0 in Q, (5.82)
o Normal Vector: n; = |v—25|g—i in Q, (5.83)
o Reinitialization: % + Mi(b aii [6(1 — ¢)n;] = ;—i aii (Vo -n)r;] in Q, (5.84)

where (2 denotes the entire computational domain as 2 = Qg U Qy,.

5.6.2 Weak Form of Eulerian Solid Analysis

The corresponding weak form is defined by applying SUPG and PSPG stabilization
methods. Because of the use of the conservative level set function, a staggered approach is
necessary for the Eulerian solid analysis. Therefore, the residual R is divided into following
three steps (R = R!' + R? + R?). R! is the standard residual of the Eulerian solid analysis
for the incompressible material. R? and R? are the residuals for the reinitialization of the

level set function defined by the conservative level set function method.

Staggered Step 1: Advection R'=Ry+Ru+Ry+Rep (5.85)
Staggered Step 2: Normal Direction R =TR; (5.86)
Staggered Step 3: Reinitialization of ¢ R3 = Rg; (5.87)
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Details of each residual are provided below. The symmetric Nitsche method is applied in

the momentum equation (5.88):

e Velocity

R, :(V(S'v,pV'v)V + ((5v,pfv)v + <5'v,pV'v . ﬁs—>v>

Fsv

+ (5v,pg +pv-Vu+av — pb) + (Vév, a(u,p))s + (0p, V- 'U)S

S
+ Z (TSUPG'U V(S + TPSPGV(S

neeQS

+ <{50} SRSy, [[u]]>FSV + <|[5'v]], {o}- ﬁsﬁv>rsv + nN<6'vV, M>rsv (5.88)

where {o} = wS05(u,p) + wVoV (u,p), {60} = w30 (0v,p) + wVoV (dv, p) and wS +wV = 1.

,,08 +pv-Vv —Vo(u,p) — pb>
ot 5

e Displacement

ou ou
Ru:(dv, 5 + - Vu—v)s—i- Z (TSUva-VcSu, 5 + - Vu—v) (5.89)

ne€QNg S

e Conservative Level Set Function (CLSF)

(5¢, % v v¢> + ) <TSUPGv Vo, ¢ + v v¢> (5.90)
S+V ne€Qg v S+V
R2 =(5ﬁ, |[Voln — v¢)s+v (5.91)
(5¢, 0% o v [6(1— ¢)n] — 2V - [(Vé - ﬁ)ﬁ]) (5.92)
220 S+V
e Face-oriented Ghost-Penalty Method
Rep :n§p<ﬂV5v]] ‘n, [Vv] ﬁ> + n§p<ﬂV5p]] -n, [Vp] ﬁ> (5.93)
I§ &
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5.7 Numerical Examples of Eulerian Solid Analysis using XFEM

This section discusses two numerical examples of the two-dimensional Eulerian solid
problems using the XFEM. In these examples, QUAD4 elements are used for the spatial
discretization and the time evolution is calculated by BDF1 (backward Euler method). At
each time step, the nonlinear problem is solved by Newton’s method and the convergence
criteria requires a drop of the norm of the residual of 107° relative to the norm of the initial

residual. In each Newton step, the system of linearized equations is solved by GMRES.

5.7.1 Free Falling of Cylinder due to Body Force

The first benchmark problem is a falling circular solid structure due to a body force. In
this example, no boundary condition is imposed. This solid structure is made by an isotropic
linear elastic material and infinitesimal strains are assumed. It should be noted that the small
strain assumption is not applicable to a general problem, but this assumption can be used
for this particular problem because there is no rigid-body rotation. This circular structure
has the initial velocity -0.8m/s in y direction and is accelerated by the body force b. Table
5.2 is the summary of material parameters. Analytical results of velocity and displacement:

v; and u; are as follows:

bi

Table 5.2: Settings of free falling circular solid

Parameter Symbol Value

initial velocity Vo (0, —0.8)m/s
body force b (0, —3)m/s?
time increment At 0.003s
modulus E 0.1MPa
Poisson’s ratio v 0.3

density p 1000kg/m3
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Figure 5.7 shows the propagation of the level set function ¢, the solid phase and the von
Mises stress oy (Cauchy stress). These results show that the circular shape is preserved at
any time step while the solid structure falls due to the body force. In addition, the von Mises
stress is almost zero, as it should be since the body undergoes just a rigid body motion.

Figures 5.8 and 5.9 show the comparisons between the numerical results and the analytical
solutions (5.94) and (5.95). At the center of this circle, the results of the velocity and
displacement in y direction are identical to their analytical solutions (v, and w,). The
free fall of a circular solid was computed correctly using the XFEM based on the Eulerian

description.

Levelset Function ¢
0 sec

(Initial)

0.24 sec
(StepB0)

0 0.5 1 ;
ATTTTTRT s PP, M Solid Phase

Figure 5.7: Free falling circular structure due to body force

www.manharaa.com




95

| 1
e 2
o oo
] ]
/

£l T
210+ \\
'><' 4
12 \
z-13 7 \\
81414 —WVy ‘ ~
=15+ Analytical Vy R
-1.6 } f }
0 0.06 0.12 0.18 0.24

Time (s)
Figure 5.8: History of velocity v, in time

~ 0 1 S
E
5\-0 05 + ""-«.\“i
. N
. a-_#.\
5.0.15 1 S
—
= 02 7 , S
.‘Qﬁ Analytical Uy s
-0.25 t f t
0 0.05 0.1 0.15 02
Time (s)

Figure 5.9: History of displacement u, in time

5.7.2 Beam Bending due to Body Force (2D Analysis with BCs)

The second benchmark problem is a solid beam subject to a body force. This benchmark
problem includes Dirichlet boundary conditions. The geometry and material parameters of
the system are given in Figure 5.10 and Table 5.3. There is one solid beam specified as a solid
phase {2g in Figure 5.10, which is made by the incompressible neo-Hookean material. The
incompressible neo-Hookean material is a simplified model of incompressible Mooney-Rivlin

model which is defined by the hyperelastic function W as follows:
W (I, Iy) = Cio(ly = 3) + Cor (12 — 3) , (5.96)

where [; are the reduced invariants of the left Cauchy-Green tensor B (and also right Cauchy-

Green tensor C') and Iy=-J = det F = 1 due to the incompressibility. Cjo and Cy; are
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0.7m
Table 5.3: Parameters of bending beam
Parameter Symbol Value
material parameter Cho 0.0375MPa
density p 1000 kg/m3
body force (bz,by)  (0,—3)m/s?
time increment At 0.075s
mesh size Az, Ay 0.05m
number of mesh Ne 280
y Assumptions
e finite strains

0 X m e plane strain case

Figure 5.10: System of bending beam e incompressible neo-Hookean material

material parameters of the Mooney-Rivlin model and if Cy; = 0, this material is referred
to the incompressible neo-Hookean model. As the Eulerian FEM is based on the current
configuration, the Cauchy stress tensor is an appropriate stress measure. Based on (5.96),
the deviatoric Cauchy stress tensor ¢ is defined by the derivative of W with respect to the

Euler-Almansi strain tensor e, which is the conjugate strain tensor of &:
2 _
5'2-]- = —5(010[1 — 00112)(52'3' + 201031'3' — 2001Bij1 , (597)

where I; are invariants of B and I; = I; because of the incompressible material. In addition,
it is necessary to consider the hydrostatic pressure p as a non-deterministic contribution of
the force due to the incompressibility. Thus, the Cauchy stress tensor o;; is defined by p and

51']'2
2
O—ij = —pdw + 5_z‘j = —pém — 5(010[1 - 001[2)(57;]' + 2010B7;j - 20013%1 . (598)

The root of this solid beam defined by the z-coordinate being less than 0.15m, is fixed
domain by Dirichlet boundary conditions. The undeformed structure of this solid beam is

defined by the following initial level set function ¢.

gbs - IIllIl(Lx - |£L‘ - xc|7 Ly - |y - yc|) ) (599)
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1 &,
o= 5t §tanh(5> : (5.100)

Parameters in terms of the initial level set function ¢ are summarized in Table 5.4.

Table 5.4: Parameters about level set function ¢

Parameter Symbol Value

length in x L, 0.78m

length in y L, 0.17m

center in x T, Om

center in y Ye 0.4m

slope parameter of ¢ €4 0.5Az%9=0.0337
time scaling for reinitialization I 10

The phase outside of the solid beam is defined as a void phase €2y. The velocity fields in
Qv are defined by the Helmholtz smoother. The green line in Figure 5.10 shows the interface
between the solid and void phase I'sy. On I'sy, Nitsche’s method is applied. In addition,
the face-oriented ghost penalty method is also applied in the vicinity of I'sy. Coefficients
related to Nitsche’s method and the ghost penalty method are as follows.

Table 5.5: Parameters about boundary integrals
Parameter Symbol Value

penalty factor of Nitsche’s method nN 20F = 2000MPa
penalty factor of ghost-penalty method 7P 0.0005Az = 2.5 x 10~°m

Based on the above parameters, this solid beam system is computed up to 0.675s (9 steps)
to reach an equilibrium state. Figure 5.11 shows results of a coarse mesh (Az = Ay = 0.05m)
based on the Fulerian XFEM and Lagrangian standard FEM. The reinitialization process
for ¢ was performed at every four time steps for the Eulerian XFEM. In Figure 5.11, the left
three columns are results of the Eulerian XFEM and the right column is the result of the von
Mises stress of the Lagrangian FEM. The left column shows the history of the propagation
of phase. The interface I'sy is defined by the iso-contour line at ¢ = 0.5 and the phases (left
figures) are defined by its interface. Even if coarse meshes are used, the smooth interface is

obtained. by using XEFEM. The second column shows the distributions of v,. It is confirmed
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that the equilibrium state is obtained at step 9 because v, converges to almost zero. The
third and fourth columns show the distribution of the von Mises stress oy using both the
Eulerian and Lagrangian method. The root of the beam has large stresses as expected. It
is confirmed that stress distributions at the steady-state (step 9, ¢ = 0.675s) of both the
BEulerian and Lagrangian method are almost identical.

Finally, the rate of convergence of the proposed Eulerian solid analysis compared against
the results of the standard Lagrangian analysis is studied. Models for this convergence check
are listed in Table 5.6. The finest Lagrangian model (LAG5 in Table 5.6) is used as a
reference model for both the Eulerian and Lagrangian analysis to compute the L2 errors.
The definition of the L2 errors are (5.101) - (5.104). These L2 errors are normalized by the

reference value (denominator):

Table 5.6: Models for convergence check (Eulerian solid analysis)

Method Model Name | Number of Node | Spatial Discretization
h = Az = Ay (m)
Lagrangian LAG1 153 0.048462
LAG2 338 0.031500
LAG3 561 0.024231
LAG4 1225 0.016154
(reference) LAG5H 2145 0.012155
Eulerian EUL1 315 0.05
EUL2 704 0.032693
EUL3 1189 0.025
EUL4 2623 0.016667

J d Jv — vreff?
Err(v) = \/ [dQ o (5.101)

dQ ref
Err(p \/fs b—p (5.102)

f L9 pref 2 ’
a9 _ gqref
Err(u) = \/fs [u = wit (5.103)

fS dQ |uref|2

J A (ovm — oiiy)?
E S . 5.104
T UVM \/ dQ U{%{/IQ ( )
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Figure 5.12 shows the convergence of the L2 errors of main quantities of interest. Blue
markers show the results of the Lagrangian FEM and red markers show the results of the
Eulerian XFEM. The rates of convergence is computed by the least square fitting. As the
finest Lagrangian model is set to a reference model, the rate of convergence of the Lagrangian
models is larger than one of the Eulerian models and they are larger than 1. The convergence
of the Eulerian XFEM is slower, but the L2 errors converge by mesh refinement. These results
suggest that the structural problems using the Eulerian XFEM needs finer meshes than the

Lagrangian FEM to achieve the same accuracy.

Phase Velocity in y vy v Mises Stress ayy

von Mises Stress ap
(Lagrangian FEM)

Initial Configuration (1=0) Initial Configuration (=) Initial Configuration (1=0) Initial Configuration (t=0)

Step 5 (t=0.255)

Step 5 (1=0.25s) Step 5 (1=0.25s) Step 5 (t=0.155)

Step 10 (t=0.55) Step 10 (t=0.55) Step 10 (t=0.5s) Step 10 (=0.55)

Step 14 (t=0.Tx) Step 14 (=0.Ts) Step 14 (1=0.Ts) Step 14 (1=0.7s)
0.25 0 0.0mfs 0 6kPa 0 6kPa
—— [E——_— il RS- [ "R iy

Figure 5.11: History of bending beam (phase, v, and ov)
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Figure 5.12: Convergence of Eulerian solid analysis (Step 9, ¢t = 0.675s)

5.8 Theory of Full-Eulerian FSI Method

This section describes the full-Eulerian FST method by following building on the Eulerian
solid analysis introduced previously. To explain the general theory of the FSI, first a simple
system as shown in Figure 5.13 is considered. There is a solid phase €)g surrounded by a fluid
phase Qp. The outer boundary of the computational domain consists of a solid boundary I's

and a fluid boundary I'r. The interface between (2g and Qg is denoted by ['sp.

Figure 5.13: Simple system for discussion of FSI theory
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5.8.1 Artificial Advective Velocity for Level Set Function

The governing equations in the solid phase ()5 are identical to the Eulerian solid analysis
which is summarized in Section 5.6. The difference from the Eulerian solid analysis is the
treatment of the phase outside of €25. In the solid analysis, a void phase is defined to model
an artificial advective velocity for the propagation of the level set field ¢. The Helmholtz
smoothing method is used to create this artificial velocity fields. On the other hand, there is
a fluid phase Qg outside of a solid phase )5 in the FSI system. Theoretically, a smoothing
operation like the Helmholtz smoothing is not necessary because of the existence of the fluid,

and the propagation of ¢ is computed by the solid and fluid velocities as follows:

e ;00 .
5 + v o = 0 in Qg , (5.105)
0 09 _ :

A straightforward approach for computing the advective velocities of ¢ is to use the solid
velocities v*® in Qg and the fluid velocities v/ in Qp as the advective velocities; see (5.105) and
(5.106). While this propagation should work in theory, numerical experiments have shown
that it is difficult to represent accurate deformation using (5.105) and (5.106). Figure 5.14
shows an example of the deformation of the solid phase based on (5.105) and (5.106). The
top figure shows the deformation of the solid phase (red region). There is a pointed interface
at the right edge of the solid phase. This pointed interface is created due to the leakage of
the level set function ¢ (bottom left figure) and this leakage of ¢ occurs along the streak
line of the fluid. In general, the fluid velocities are much larger than the solid velocities.
Therefore, this leakage originates from the large advective velocities in (2r, which is identical
to the fluid velocities v/.

To suppress the leakage of the level set function ¢ due to large fluid velocities, an artificial

advective velocity field in the fluid phase ©/ is introduced. The governing equations for the
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| Leakage of levelset ¢b _
| due to fast fluid velocity v/

levelset ¢b Fluid velocity !»‘;.r I

lllll

Leakage ¢ along streak line

Figure 5.14: Leakage of level set function due to fluid velocity

propagation of ¢ are modified as follows:

0¢ s00 .
E + v; 81’1 =0 mn QS s (5107)
9o 96 .
T + 0; oz, 0 in Qp . (5.108)

Following the techniques of the Eulerian solid analysis, the artificial advective velocities

f

0; are computed by the Helmholtz smoothing in the fluid phase Qp. In addition, Nitsche’s

method is applied to @lf to obtain a smooth velocity field for ¢. Using this artificial advective

velocity in the fluid phase leads to more stable propagation of ¢ in the FSI analysis:
Helmholtz smoothing: — A+l =0 in Qp (5.109)

Nitsche’s method: [0:] = v — o/ =0 on I'sp . (5.110)

5.8.2 Strong Form of Full-Eulerian FSI

Considering the treatment of the advective velocities for ¢, the strong forms of the gov-

erning equations for the full-Eulerian FSI are as follows, where the solid material is assumed
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incompressible and the flow is modeled by the incompressible Navier-Stokes (INS) fluid:

e Momentum equation of the solid:

v} ovs 1 da7;(u’, p°)
Ly s ZY s =20 B s
ot T 0z; o, p° 0z; o

e Continuity equation of the solid:

ov?
T — 0
8113'1‘

e Advection of displacements:

ou; n U§6u§ _ s
ot T0x;

e Momentum equation of the fluid:

vl Hfav{ _ iaazfj(vf,pf)
ot T ox;  pf

u!
(937]- + ¢

e Continuity equation of the fluid:

ov!
v; _0
8111i

e Helmholtz smoothing for ©/:
— A +9/ =0

e Advection of the level set function:

do 09
96 ;06
ot T, =Y

in QS

in QS

in QS

in QF

in QF

n QF

in QS

n QF .

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

The Cauchy momentum equations: (5.111) and (5.114) are common governing equations

for velocities in both phases (2 and Qr. The main difference of these momentum equations

is the definition of the stress tensor. The stress tensor of the solid ¢° is defined by the

olid pressure p* in Qg. The stress tensor of the fluid o/ is defined
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by the fluid velocities v/ and the fluid pressure p/. In addition, the artificial viscous term
av! is introduced in g such that the structural deformations are damped and converge to
a steady-state. « is set to 1 in this case. The body forces are applied only in the solid phase
Q5. As the displacements are defined only in {2g, the advection equation of the displacement
is performed only in Qg. The INS fluid model is used in Q. The continuity equation (5.115)
is essential to satisfy the incompressibility. The level set function ¢ is defined in the entire

S

domain ) = Qg U Qp. The advective velocities for ¢ are the solid velocities v* in {2 and
the artificial velocities ©/ in Qp. This artificial velocity field ©7 is defined by the Helmholtz
smoothing (5.116). In addition, the reinitialization technique is applied to ¢ once at four
time steps. On the interface between solid and fluid I'sg, the jump between the solid and fluid

velocities (5.119) should be zero to satisfy C° continuities of the velocity fields. Nitsche’s

method is applied to the jump of the artificial advective velocities (5.120):

e interface condition:

[v;] = vf — vl =0 on I'sp , (5.119)

[6:] = vs — o =0 on Tgp . (5.120)

5.8.3 Weak Form of Full-Eulerian FSI

The weak form of the governing equations introduced in Section 5.8.2 is summarized in
this section. Operators of the jump and average are defined by the combination of the solid

and fluid phase.

e Jump operator: [v;] =5 —of, [0 =vF =0 | (5.121)

e Averaging operator: {0} = wo® + wlof (o w 4w =1). (5.122)
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Consider the spaces of trial functions S and test functions V", the trial and test functions

for the full-Eulerian FSI system are defined as follows:

e Trial functions: {v*,p*,u®, vl pf T ¢} € S, (5.123)

e Test functions: {6v°, 0p°, 6u’, ov’, op’, 607 69} € V. (5.124)

In addition, the following notations in terms of integrals are used for simplicity:
e Volume integral: (a,b), = / dQ a'b , (5.125)
e Boundary integral: (a,b)r, = /rﬁ dl’ a™b . (5.126)

Using these notations, the residual of the full-Eulerian FSI using the XFEM is summarized

as follows:

Ry({6v°,0p°}; {v°, p°, v’}) + R, (6u’; {u’, v"})
+ RI({6v7, 6p'}; {v”, p’}) + RI(687;67) + Ry (065 {0, v°,7})
+ Rpsi({0v°, dp°, 5'vf, 5pf, 5’6f}; {v*,p°, u’, 'vf,pf, f)f})

+ Rgp({(svsa 5ps7 5’Uf7 6pf7 5ﬁf}7 {vsapsa ’Ufapf, @f}) =0. (5127)

Each term of (5.127) are defined as follows. To stabilize the advective terms, SUPG stabi-
lization is applied to (5.111), (5.113), (5.114) and (5.117). In addition, PSPG stabilization
is applied to stabilize the incompressibility of the solid and the fluid. Nitsche’s method is

applied to the boundary integral on the interface I'sp in Rpgr:

i G

+ Z (TSUPGU Vv + TPpSPGVf;pSﬂ:i) — (6v®, 0% (u®, p°) - g)p, ,  (5.128)

ne€fls S

S eS8

> + (V(S'vs7 gs(usjpsns + (5]98, V- ’Us)S
S

R, =(0u’,7,)s + Z TsupgV’ - Vou', 7))s (5.129)

ne€Ng

f
Rq{:(évf fai+pfvf~va—pfbf> + (V(S'vf,af('vf,pf))F+(5pf7v'vf)F
F
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+ D (Tsumvf-WﬂPj%Wpﬁff) — (507 o (07 p7) - ig)y, . (5.130)

neENR F
R =(V60!, Vol )p + (607, p*07 )p — (007, p’Vo! - AT, (5.131)
Ry =(06,7)s + Y _ (tsupav® - Vi, i5)s
ne€Ng
+ (8¢, 7’3;)1? + Z (Tsupa®’ - Vo, ff;)F , (5.132)
neEQR

1 1 ;
Rest =5 (0! 00! ) s fo]) -+ 5 (%00, 0) . [l
Isp

+ (1001, (0} ﬁHf>FSF + (Do) [[v]]>FSF
+ (067, Vo Ay ) + nN<5@f , [[ra]]> , (5.133)

IV

I'sp

s s pf f; and ff; are the scalar residuals

where 7V is a penalty factor of Nitsche’s method. 75,75, 7/,

defined previously in Section 5.8.2. Nitsche’s penalty term for the artificial advective velocity
@Zf (last term of (5.133)) is applied in the fluid phase and thus, the corresponding test function

is defined as 69¢ based on the one-sided Nitsche method:

7o = pS% +p*v° - Vo' + av’ — Vo' (u’, p°) — p°b” (5.134)
T, = 0(;:3 +v® - Vu' —v* (5.135)
= Pfaa_vtf +plol Vol Vel (!, pl) — pb! (5.136)
Ty = % +v*- Vo, (5.137)
i = % NPVR7S (5.138)

Following the works of Hansbo et al. [74], Jenkins et al. [101, 102] and Mayer et al. [70],
only the traction from the fluid side is used as the traction at the interface. This approach
is consistent with the traditional FSI approach where forces are transferred from the fluid

phase to the solid phase rather than its vice versa. Hence, the solid traction is replaced by
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the fluid traction:
{o} =w'o®(u’,p*) + w/o! (v, pf) = o/ (v/,pf) | (5.139)

%<05(5vs,5p3).ﬁﬁf,[[u]|> %%<af(5uf,5pf)-ﬁﬁf,[[v]]> , (5.140)
IV

sk

Therefore, (5.133) is simplified as follows:

e (101, 69/) ey, [[v]]>FSF + (1ol fzﬁf>FSF (0ol [o])

INS

+ (607, Vo - ng )+ nN<5ﬁf, [[rt;]]> . (5.141)
IsF

The derivation of (5.133) and (5.141) is summarized in Appendix B.

In addition, the face-oriented ghost penalty method is applied to suppress the instability
due to small intersected XFEM meshes. This ghost penalty method is applied on the faces
of intersected elements which is denoted as I'gp:

R ({50°, 00, 6p'}: ", 07 ') =n§p<[[V5vS]] Ay [V ﬁﬁf>

ng

; n§p<[[wpﬂ] g [VP] - ﬂs%f>

ng

+ n§p<[[v5vf]] ‘R, [Vol] - ﬁsﬁf>

FEP

+ n§p<|IV5pf]] ' ﬁs—)f; [[fo]] ’ ﬁs—>f>

ng

+ n§p<[[V5f;f]] gy, [VOI] - fszf> o (5.142)

ng

where ngP and 75P are the penalty factors for the ghost penalty method. Generally, penalty

factors for velocity and pressure are distinguished and have different values.

5.9 Numerical Example of Full-Eulerian FSI using XFEM

As a benchmark problem for the full-Eulerian FSI analysis, the system shown in Figure

5.15 is considered. A solid beam immersed in a flow channel is clamped at its left and subject

www.manharaa.com




108

to a body force.

3.94m T

2.30
y

X 17.2m

Figure 5.15: System for numerical example of full-Eulerian FSI

The solid and fluid phases are denoted as {2s and Qp respectively. The region of the root
of the solid beam Qp is fixed. Qp is a part of solid phase Qg (Qp C Qg). 'L and '} are
Dirichlet boundary conditions (BCs). The hydrostatic pressure p is not constraint by these

BCs. The summary of Dirichlet BCs is as follows:

Ve =g 942y(3.94 —y)m/s, v,=0m/s on T, (inlet flow) , (5.143)
v, =0m/s, v, =0m/s on T'}) (no slip BC) , (5.144)
v, =0m/s, v,=0m/s in Qp (fixed solid) . (5.145)

The traction free boundary condition is applied on the right edge. {2g is modeled by the
incompressible neo-Hookean material (5.146) under the assumption of the finite strains. Qp
is modeled by the incompressible Navier-Stokes (INS) equations. In addition, the body force
b’ is applied only to the solid phase. The geometry and material parameters of this system

are summarized in Table 5.7:

elncompressible neo-Hookean: W (lg) = Cio(Ier —3) (0 I =TeC ) . (5.146)
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Table 5.7: Parameters of full-Eulerian FSI analysis (infinitesimal strain case)

Category Parameter Symbol Value
Solid Density p° 1000kg/m?
parameter of neo-Hookean material Cho 0.0375MPa
body force b* (0, —3)m/s?
thickness d’ 1m
Fluid density of 1000kg/m?
dynamic viscosity ! 0.1kg/(m-s)
body force b’ (0,0)m/s?
thickness af 1m
Interface penalty of Nitsche’s method n™ 200kg/(m?>-s)
penalty of GP method for v neP 2.5 x 107*Ay kg/(m-s)
penalty of GP method for p 7EP 6.25 x 1071 Ay?® m3-s/kg
Calculation time increment At 0.005s
mesh size in z Ax 0.131m (z < 7.88m)
0.262m (z > 7.88m)
mesh size in y Ay 0.131m
number of node Ty, 106 x 31 = 3286
number of mesh Ne 105 x 30 = 3150

Figure 5.16 shows the time evolution of the solid phase (g using the parameters listed
in Table 5.7. The left column is the history of the solid velocity in y direction v;. The solid
phase is accelerated by the body force at the initial stage, then its velocity decreases due to
the fluid traction. Finally, a steady-state is obtained. The corresponding displacement in
y: u, and the von Mises stress oyy (Cauchy stress) shown in the middle and right columns
of Figure 5.16. In this example, the artificial advective velocity fields (Section 5.8.1) are
used to propagate the level set function ¢ and the appropriate deformation is obtained. The
computational results of the fluid phase 2r are summarized in Figure 5.17. The left and
middle columns show the history of the fluid velocities v/. As the solid phase Qg deforms
in response to the body force, the distribution of the fluid velocities changes appropriately.
v/ has large value in the flow channel below the right edge of Qg because this flow channel
becomes narrow due to the bending of a solid structure. In terms of Ug , up and down fluid
motion occurs at the left edge of {2 because the fluid avoids the solid structure and then,
the flow above and below the solid structure joins together at the right edge of 2. The

corresponding fluid shear stress is shown in the right column of Figure 5.17.
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The convergence of solutions of the full-Eulerian FSI analysis is studied. The models for
this analysis are summarized in Table 5.8 and the finest model is used as a reference model
to compute the L2 errors.

Table 5.8: Models for convergence check
Model Number of Node Spatial Discretization h (m)

coarse model 1 2125 0.164263
model of Figures 5.16 and 5.17 2 3286 0.131410
3 4699 0.109509
4 5781 0.098558
finest model (reference) 5 7614 0.085702

The L2 errors of representative quantities of interest (velocity v, displacement w, hydrostatic
pressure p and von Mises stress ovyp) for both the solid and fluid phases are defined as follows:

[5dQ v — vt
Err(v \/ a0 o (5.147)

fS dQ p pref
Err(p \/ Qe (5.148)

Jo d Ju — wref]?
Err(u) = \/ a9 e (5.149)

f d2 O'VM—O'ref)
Err(oyy) \/ g [.d9 ot A (5.150)

Figure 5.18 illustrates these L2 errors with respect to the size of the spatial discretization h
(mesh size) at the final time step (¢ = 0.5s).

The top left figure shows the L2 errors of the solid velocity v* and the fluid velocity v”.
The top right figure illustrates the L2 error of the displacement u. As the displacement are
defined only in the solid body, the L2 error of the solid phase is only shown. The bottom left
figure shows the L2 errors of the hydrostatic pressure in both phases, p* and p/. The bottom
right figure shows the L2 errors of the von Mises stress oy, in the solid phase, and the
corresponding measure of fluid stresses; the in-plane effective shear stress ¢ = |01 — 02|/2.

The L2 errors in the solid.phase are computed by the projecting the quantity of interest
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Figure 5.18: Convergence of Eulerian FSI (final time step, ¢ = 0.5s)
onto the initial configuration of the reference model. The L2 errors in the fluid phase are
computed by the projection onto the current configuration at the final time step of the
reference model. This L2 errors are computed in the domain belongs to the fluid phase at
all models in the steady-state.

All quantities except the hydrostatic pressure of the fluid phase p/ have larger rate
of convergence than 1 and thus, this indicates that the proposed Eulerian FSI analysis is
computationally efficient. The convergence of the fluid pressure p/ is slower than the other
quantities and this is an unclear point.

In terms of the L2 error of the velocity fields, the L2 error of the solid phase is larger than
the one of the fluid phase. As the results of the final time step are used, the solid velocities
v® are almost zero because the solid structure reaches the steady-state. On the other hand,
the fluid velocities v/ at this time are non-zero because there is inlet flow at the left edge

of this system. Therefore, the L2 error of v* tends to be larger than one of v/ because the
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computed L2 error is normalized by a smaller reference value.

There is a reference work (Kamrin et al. [68]) which is similar to this numerical example.
The reference work is also based on an Eulerian FSI method but uses a finite difference
method and a VOF-like interface capturing method. The difference between current numer-

ical example and reference work is shown in Table 5.9.

Table 5.9: Difference between current computation and reference work

’ H Reference Work \ Computed Example ‘
Method || Eulerian finite difference method Eulerian XFEM
blurred-interface method (like VOF)
Interface || isovalue of level set function isovalue of level set function
Solid Compressible neo-Hookean (v = 0.41) incompressible neo-Hookean
Fluid nearly incompressible NS Fluid (v = 0.499) | incompressible NS Fluid
Mesh Finer meshes are necessary. Coarse meshes are available.

The problem studied in the reference works is the deformation of a rotor by incoming
fluid flow. Figure 5.19 shows the history of the deformation of the rotor. The center of the
rotor is fixed and the rotor is twisted by the rotational flow created by the inlet flow at
the left edge (green region) and the outlet flow at the upper edge (sky-blue region). The
computed results (Figures 5.16 and 5.17) show a smooth deformation similar to the one in
this reference work. Figure 5.20 shows the rate of convergence of the reference work and
these results agree qualitatively well with the results found in this thesis in Figure 5.18.
However, the rate of convergence of the reference work is much smaller compared with the
Eulerian XFEM except the fluid pressure p/. Although the rate of convergence of p/ is slow,
the performance of the proposed method (Eulerian XFEM) seems to be better than the
reference work (finite difference method). One reason that the proposed method is better
than the reference work, is that the representation of the interface in the proposed method
is performed by the XFEM and more accurate than the blurred-interface method like the

VOF method used in the reference work.

www.manaraa.com



114

-6 08 0 08 J&6 16 0FE O 08 l&6 -6 08 O 03 16

x

Figure 5.19: reference work [68] (deformation of hyperelastic body in INS fluid)
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Figure 5.20: Reference work [68] (L2 error corresponding to Figure 5.19)

www.manharaa.com




115

5.10 Discussion

In this chapter, studies of the Eulerian solid formulation and the full-Eulerian FSI formu-
lation using the XFEM were discussed. The entire FSI system is described by an Fulerian
formulation, including the solid phase. The time evolution of the solid phase based on the
Eulerian description was computed using SUPG/PSPG stabilization because of the existence
of the advection term. FSI is modeled on the interface in the fixed background meshes using
Nitsche’s method. In addition, the face-oriented ghost-penalty method is applied for the
treatment of small intersected elements created by moving interfaces. The ill-conditioning
problem due to moving interfaces is suppressed by the face-oriented ghost-penalty method.
The key challenge of the full-Eulerian FSI method is the representation of the interfaces.
This research introduced the conservative level set function and obtained stable propagation
of deformed solid structures. In consequence, the capability of the full-Eulerian FSI method
to treat large deformation was verified.

However, the full-Eulerian FSI method using the XFEM has two fundamental drawbacks.
The first drawback is the representation of interfaces of the solid. As the Eulerian descrip-
tion is used in the solid domain, the deformation of the solid structures is captured by the
momentum equation with an advective term and the advection of the conservative level set
function. In general, the solution of the advection equations needs very fine time increments
At to represent accurately the deformation of the solid. The steady-state problems can-
not be computed efficiently by the full-Eulerian FSI method using the XFEM due to the
interface capturing method. The second drawback is the numerical interpolation error due
to the XFEM. As the XFEM and the time stepping scheme are used in this chapter, the
interpolation error due to moving interfaces always occurs. While all numerical examples
summarized in this chapter seemed to be successful, these examples are computationally
incorrect because of this error. This drawback can be easily overcome by the application of

the space-time XFEM. However, the first drawback is inherent to the full Eulerian model.
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Thus, these findings suggest that another FSI approach is needed for the robust and scalable

F'ST analysis.
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Chapter 6

Lagrangian-Immersed FSI Method using XFEM

6.1 Outline

This chapter focuses on the Lagrangian-immersed FSI method. The Lagrangian-immersed
FSI method has the ability to handle both FSI and contact simultaneously. In this method,
the solid phase is discretized by the Lagrangian meshes (deformable meshes) and the fluid
phase is discretized by the Eulerian meshes (fixed background meshes). This method is an
intermediate method of the arbitrary Lagrangian-Eulerian FSI method (ALE-FSI method)
and the full-Eulerian FSI method. Mayer, Wall, et al. [69, 70] and Miller et al. [91] have
been already studied this intermediate approach.

In the ALE-FSI and the full-Eulerian FSI, the solid and fluid elements are defined in
the same computational domain and the interfaces between the solid and the fluid match.
Therefore, boundary integrals on the interface can be exactly computed within one inter-
sected element. Considering the Lagrangian-immersed FSI with the XFEM, the interfaces
between the solid and the fluid are defined in both the Lagrangian and Eulerian meshes be-
cause the solid and fluid elements are spatially disconnected. In this chapter, the interfaces
of Lagrangian and Fulerian meshes are denoted as I'y, and I'g, respectively. These interfaces
do not match as shown in Figure 6.1, because there are two types of meshes based on the La-
grangian and Eulerian description, respectively. Some small but non-zero gap exists between
these two interfaces. The way to compute boundary integrals of the Lagrangian-immersed
FSI method is similar to methods for computing boundary integrals in computational con-
tact mechanics. Therefore, the more complicated treatment is needed than the ALE-FSI

method and the full-Eulerian FSI method.
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Eulerian Interface I

Lagrangian Interface fL

Figure 6.1: Lagrangian and Eulerian interface

A main advantage of the Lagrangian-immersed FSI method is the ability to simulate FSI
problems with contact. As the solid and fluid meshes are decoupled and the solid structures
are just immersed within the Eulerian system, there is no limitation of the deformation. In
addition, as the solid phase is defined by the Lagrangian description, conventional contact
formulations are directly applicable and thus, the implementation of the contact formulation
is much easier than in the full-Eulerian FSI method.

While the physical model is identical with [69, 70], there are several differences in the
actual numerical implementation. [69, 70] updates the interface in the Eulerian system using
a geometric approach [103] as an additional technique in addition to a FSI solver. In the
Lagrangian-immersed FSI method, the level set projection method is introduced and the
update of interfaces in the Eulerian system is automatically performed in a monolithic FSI
solver. The update of geometry is included in the weak form of FSI and thus additional
techniques in addition to the FSI solver is not needed. FSI is computed between non-
matching Lagrangian and Eulerian interfaces and techniques of contact formulation such as
the master-slave concept, the node-to-surface (NTS) pairing, and the gap equation are ap-
plied. Besides, Nitsche’s method is used instead of the Lagrange multiplier method used in
(69, 70]. The proposed Lagrangian-immersed FSI method allows for a simpler implementa-
tion than [69, 70]. As the solid phase is defined by the Lagrangian description, the stabilized
Lagrange multiplier method proposed by [75] is directly applied to this method as a contact
formulation.

In this research, the Heaviside-enriched XFEM is used for the Lagrangian-immersed FSI
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method. The level set function ¢ used for the Heaviside-enriched XFEM is a Heaviside-type
level set function, considering the level set projection explained at the following section:
¢\~
o(x) = {1 + exp (5)] , (6.1)
where ¢, is the signed-distance level set function and ¢ is the Heaviside-type level set func-
tion. This ¢ is defined between 0 < ¢ < 1 and the iso-contour ¢ = 0.5 defines immersed
boundaries in the XFEM.

The organization of this chapter is as follows: Section 6.2 summarizes the physical as-
pects of the Lagrangian-immersed FSI method. FSI between non-matching interfaces and
the contact formulation are described in this section. In Section 6.3, the level set projec-
tion method is proposed to update the geometry. The finite element discretization of the
Lagrangian-immersed FSI method using the XFEM is summarized in Section 6.4. Section
6.5 describes the actual numerical implementation. In Section 6.6, two steady-state FSI
problems, a transient multibody contact problem and a transient multibody FSI-contact
problem are studied using the XFEM with a standard time stepping scheme. Section 6.7
summarizes the Lagrangian-immersed FSI method using the XFEM. In addition, the draw-
back of the Lagrangian-immersed FSI method using the XFEM is discussed and the necessity
of the combination of the Lagrangian-immersed FSI method and the space-time XFEM is

discussed.

6.2 Physics Model

This section summarizes the governing equations of both the Eulerian and Lagrangian
systems, and the interface conditions for FSI. In this section, an Eulerian domain Qg and
a set of Lagrangian domains ), are considered. A fluid domain Qr is embedded within
Q. Q is separated into multiple meshes 2 ; which correspond to individual solid bodies:

Q= >, Q. The fluid and solid meshes are disconnected entities. FSI between the fluid
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and solid is modeled at the interface in the Eulerian system 'y and the interface in the
Lagrangian system I'y,. In addition, the contact formulation for the Lagrangian description

based on the stabilized Lagrange multiplier method is described in this section.

6.2.1 Eulerian System

An Eulerian system {2g contains a fluid domain Q2r and a void domain Qy: Q = QpUQy.
Qy is the projected domain of deformed solid structures defined in the Lagrangian system
Q. The immersed interface in g is denoted as I'y and FSI is computed on this I'z. The
fluid phase is modeled by the incompressible Navier-Stokes (INS) fluid equations:

ovf  ou] 1 0cfi(wf. )

AL TR, = b in 0 6.2
ot Yo, T H on, e (6.2)
ov! i
ax: =0 in Q. (6.3)

The momentum equation of fluid is (6.2) and the fluid continuity equation is (6.3). In this
thesis, physical quantities in the fluid phase Qg are denoted by lower cases, such as the fluid
velocity vlf and the fluid pressure p/, and they are defined in the current configuration x
based on the Eulerian description. blf is a body force for the fluid and Jf; means the Cauchy

stress tensor of the fluid defied as follows:

O'ij(’l]f,pf) = —pfél] + Q,Ufgij(’l)f) s (64)

where ¢;; is the strain rate tensor of the fluid velocity v¥:

1/ ov! ov!
eij(vf) = 5 (8:1;- + 8;) : (6.5)
j )

6.2.2 Lagrangian System

The Lagrangian system {2, contains multiple solid bodies defined in each Lagrangian
mesh (2 . Each Lagrangian mesh ¢ contains a solid domain Qf and a dummy displacement

domain Qi Physical quantities in (2, are defined by the Lagrangian description. g and
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Qp denote the sets of Qf and Q.
The solid phase (g is governed by the momentum equation based on the initial configu-
ration:

92U* ous  OII,
S (3 S S KA — 1 SBS : Q 66
P tre— —aXJva ; in Qg , (6.6)

where the lower subscript of zero; (-)g, denotes a quantity in the initial configuration. Physi-
cal quantities in the Lagrangian system (), are denoted by upper cases and they are defined
in the initial configuration X. U} is solid displacement, B; is a body force for the solid
and II7; is the first Piola-Kirchhoff tensor. II; is defined by the solid displacement and
solid pressure P* for the incompressible constitutive law: II, = II7 (U*, P*). o is an artifi-
cial viscosity for the steady-state FSI problem, that in the absence of time-varying external
forces, causes the structure to converge to a steady-state solution.

In this work, (6.6) is separated into two parts: the momentum equation, similar to the
momentum equations in the fluid phase (6.7) and the displacement-velocity relationship
(6.8). To simplify the fluid-structure interaction model, the solid velocity V;® is introduced

as an independent state variable:

s ol
s ) SaVE = iJ s Bs in 6.7
P BN + pa’V, —8XJ+p i m 34g0 , (6.7)
ou; -
(‘%Z =V in Qg . (6.8)

The reason to use only first derivative terms with respect to t is motivated by the Lagrangian-
immersed FSI method using the space-time XFEM (Chapter 7), because the linear interpo-
lation along time is used in Chapter 7.

The Lagrangian system €);, also contains the dummy displacement domain §2p, which is
related to the projection of deformed structures onto the Eulerian system (2g; see Section
6.3. In the Lagrangian-immersed FSI method, the interface in the Eulerian system is not

propagated like the full-Eulerian FSI analysis. Instead, the geometry of the interface in the
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Eulerian system (background meshes) is created based on the projection of the level set
function in the Lagrangian system (deformable meshes). As the interface is defined by the
iso-contour line of the level set function ¢ (¢ = 0.5 in this work), the deformed level set
function outside of the solid structures is needed to project the interface geometry onto the
Eulerian system. The dummy displacement domain Qpy and the dummy displacement U?
are needed to create the level set function ¢ defined on the deformed Lagrangian mesh at
the vicinity of the interface. The necessary conditions for this dummy displacement domain

are as follows.

e The continuity of solid displacements in {25y and dummy displacements in {2py should

be guaranteed across the interface.

e There is no influence of dummy displacements in {2py on the solid displacements in

Q0.

In this research, the following two methods which satisfy above conditions are used.
The first method is the Helmholtz smoothing method. The dummy displacement UZ is

governed by the following Helmholtz equation:

QU oY

_ d i
AxU] + U Xz~ ay?

+ UZd =0 in QDO s (69)

where (2pg means the dummy displacement domain in the initial configuration. Nitsche’s
method is applied to enforce the continuity of the displacement at the interface of the La-

grangian system in the initial configuration 'y between (g and 2pg:
[U]=Us —Us=0 on I'rg , (6.10)

where [-] is a jump operator.

The second method for the dummy displacement is the dummy solid method. The dummy
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solid method uses (6.7) and (6.8) also in Qpg:

ov4 o11¢
avVi d dysd iJ dnd :
Ve = B; Q 6.11
pat + p a”V; 8J+p i m 3po ( )
ouUg ,
—atl % in Qpo - (6.12)

In addition, Nitsche’s method is applied considering the traction boundary condition and
the continuity of displacement (6.10). The purpose of the dummy solid method is that follow
the deformation of the solid domain Qgy. In general, a? and B¢ are set to zero, but the other
material parameters are identical to the parameters of the solid phase €gg.

Considering the case when a solid structure has the rigid body rotation, the dummy
displacement domain lpg defined by the dummy solid method can follow its rigid body
rotation because the continuity of stress is also considered. Thus, the topology of mesh
connectivity is correctly preserved and the negative Jacobian of elements is suppressed.
On the other hand, the Helmholtz smoothing method only considers the continuity of the
displacement and the continuity of numerical flux (solid stress) is not considered. Thus,
it is hard to follow the rigid body rotation using the Helmholtz smoothing. Overall, the
dummy solid method is more robust than the Helmholtz smoothing method. However, the
Helmholtz method works fine for the case of pinned structures and the case of small rigid

body rotation.

6.2.3 Fluid-Structure Interaction (FSI)

The Lagrangian-immersed FSI method uses separate meshes for the Lagrangian and Eu-
lerian systems and thus, a pair of non-matching interfaces is used for the fluid-structure
interaction. The key challenge of this FSI is the procedure to set integration points for
boundary integrals between non-matching interfaces. A problem where boundary integrals
using non-matching interfaces is commonly encountered, is the contact formulation. In con-

tact formulations, there are several approaches to establish contact pairs (pairs of interfaces
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for contact). The simplest approach is based on the master-slave concept and the node-to-
surface pairing (NTS paring: slave nodes contacts the surface in master elements).

In this research, the Eulerian interface I'g is the master interface, and the Lagrangian
interface I', is the slave interface. Boundary integrals of FSI are evaluated on the master
interface I'g. Master integration points on ['g are defined by the quadrature rule on the
master interface, and slave integration points on I'y, are determined by the projection of
master integration points I'g. The relation between master and slave points is defined by

the following “gap equation”:
ri + gnnmi(¢p) — X — Ui (X0) =0, (6.13)

where xg; denotes the current configuration of the Fulerian system, ng; is the deformed
normal of the Eulerian system and ¢g is the level set function of the Eulerian system. Xp;
and U7, are the initial configuration and solid displacement of the undeformed Lagrangian
system Qro. g, denotes the normal gap between master (Eulerian) integration points and
slave (Lagrangian) integration point and thus, slave integration points are determined by
the gap ¢, and the master normal ng;. Figures 6.3 and 6.2 show examples of the projection

from the master integration points to the slave integration points.

Projection from g
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Figure 6.3: Projection from master
(—: master (Eulerian) interface,

integration points to slave integration points
—: slave (Lagrangian) deformed interface)

(o: master integration points, *: slave integration points by projection)

Based on the master-slave concept, the traction boundary condition and the continuity

condition of velocity are enforced on the master (Eulerian) interface I'g:

|, —tl =0 on Iy (6.14)
Vel —ol =0 on I'g . (6.15)

Here, T} is the solid traction on I';, and tf-c is the fluid traction on I'g defined as follows:

TS —

)

on Iy, (6.16)

s s __ s S
0;;Ny; = LMo
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th = alfjnéj on 'y , (6.17)

where n} = {n{,} and nj, = {nj,;} are the outward facing normals for the solid on the
deformed Lagrangian interface I't, and the undeformed Lagrangian interface 't respectively,
and nj, = {nél} is the outward facing normal for the fluid on the Eulerian interface I'y. As

I'g is the master interface, 77| . and V* p, mean projected values from a master integration

I,

point onto a corresponding slave integration point.

6.2.4 Contact Model

This section describes the frictionless contact model for the large deformation based on
the Lagrangian description. This approach follows the work of Lawry and Maute [75]. In the
presence of large relative motion between surfaces of master and slave bodies, the dependence
of coincident location along the interface on the displacements of either body needs to be
accounted for. To this end, the surfaces of both bodies can be mapped to a parametric space.
This parameterization simplifies the definition of coincident surface location by describing the
master and slave material coordinates X# and X ? and subsequently the displacements U*4
and U*? in a reduced dimensional space, where upper subscripts A and B mean properties
of the master and slave bodies. The surfaces of master and slave bodies are parameterized

by some surface parameters a and 3 respectively, as illustrated in Figure 6.4.

QB
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Figure 6.4: Contact interface 'y and normal gap g, (A: master, B: slave)
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To provide a continuous representation of coincident surface positions, both surface pa-

rameterization schemes are coupled through the following relationship:
X a) + UPH (XM (@) + gania (XU = XP(B) = U (XP(B) =0, (6.18)

where g, is the normal gap between deformed bodies A and B in the current configuration,
and n{ = {n{}} is the outward facing normal for the solid domain in the master solid body
in the deformed Lagrangian system.

The following non-penetration condition should be satisfied in the current configuration:
g A=0, g.>0, A<0, (6.19)

where A is a Lagrange multiplier in the current configuration. By pulling back (6.19) to the
initial configuration, the following non-penetration condition is obtained and used to enforce

the contact:
@A =0, ¢g2>0, A<0. (6.20)

Here, ¢° and \° are the normal gap and the Lagrange multiplier in the initial configuration
of the master body A. ¢° is transformed from g, by the Jacobian of the surface area based

on the Nanson’s formula:

90 = gt , (6.21)

7 = det(FYI(EY) T ngy (6.22)

where F4 and n{l, = {n{l;;} are the deformation gradient tensor and the normal on the
undeformed interface of the master body.
(6.21) is exactly identical to the KKT condition in the initial configuration. A\° is the con-

tact pressure on the undeformed master interface based on the standard Lagrange multiplier
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method for the contact:
A0 = ni TsAnd (6.23)

where S4 is the second Piola-Kirchhoff stress tensor of the master body A. The potential of

the standard Lagrange multiplier method W, is defined in the initial configuration:

W, = / dl go\° . (6.24)
F(;O

By taking a variation of W, the weak form of the contact condition in the initial configuration
I',g based on the total Lagrangian formulation is as follows:
/ dl 6g° M0 + / dl 6% =0 . (6.25)
Tco Teo
When the master and slave interfaces are not in contact (g, > 0), A° vanishes. On the other
hand, a non-zero contact pressure \° is needed to enforce that ¢° is zero and to satisfy the
KKT condition (6.21).
Contact analysis based on (6.25) is reported that the distribution of contact pressure
tends to become oscillatory [75]. To obtain a stable distribution of the contact pressure, the
stabilized Lagrange multiplier method (Wriggers [104]) is effective. The weak form of the

stabilized Lagrange multiplier method is a modification of (6.25) as follows:

/ dl 6g°\° + / dl G (A0 = X0 — %) =0, (6.26)
FCO FcO

N T T . 1.

N = wingy Shngy + kPngy SPng (%) (6.27)

where A is an average contact pressure along the normal direction and 5 is the Jacobian of
the surface area of the undeformed interface of the slave body. The weights for computing

the average contact pressure \° are defined as follows based on Dolbow et al. [100]:

_ 2]/ EP
- [QAl/EA +|QP|/EP

(p=AB), (6.28)

P

where || is the elemental volume of the solid phase in the master and slave body (p = A, B)

www.manaraa.com



129

and EP is the Young’s modulus of the master and slave solid phase. In addition, the penalty
factor 4. in the stabilized Lagrange multiplier method (6.26) is defined by Young’s modulus

EP and the master element size h4:
Yo = —(E* + EP) . (6.29)

a. is a constant and set as a, = 5 in this work. Detailed discussions are summarized in

Appendix D.

6.3 Level Set Projection for Fluid-Structure Interaction

In the Lagrangian-immersed FSI method, both the solid and fluid domains are spatially
disconnected because the solid and fluid domains are defined in different meshes: the La-
grangian system {2, and the Eulerian system (g, respectively. Therefore, the fluid-structure
interaction between the solid and fluid phases is modeled with non-matching interfaces: the
deformed Lagrangian interface I'y, and the Eulerian interface I'g. As the Lagrangian system
)y, is defined by deformable meshes, the deformed Lagrangian interface I'y, is explicitly de-
fined and driven by displacements U (solid displacements U*® or dummy displacements U?).
While I', can be directly defined, some procedures to define a corresponding interface I'g
in the Eulerian system (g is needed. In this research, the level set projection method is
introduced. The main idea of the level set projection method is that the projected level set

field solves the following minimization problem:

] : i
minimize o /QE dQ (gb(m) - (X + U)) ) (6.30)

where ¢ is the level set function defined in the Eulerian system . In addition, dis a
projected value of ® from the deformed Lagrangian system ), onto the Eulerian system
Qg, and ® is the level set function defined in the undeformed Lagrangian system py. &

is defined based on the initial configuration X because the solid phase is computed by
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the total Lagrangian formulation. As ®(X) is fixed in the initial configuration, this ® is
a time-invariant parameter. Therefore, it is necessary to compute the deformed level set
function ®(x) based on the deformed configuration @ using displacement U (X, t); U*(X )

or U%(X,t). The following equation is a relation between ® and P:
X)=(X+U)=d(x—-U). (6.31)
The minimization problem (6.30) is equivalent to the following variational problem:

Ry = /Q Q) 6¢) <¢(:c) — (X + U)) =0. (6.32)

This projection method does not depend on the type of the level set function, but the
computational efficiency varies by the type of the level set function. The most efficient
projection is the projection based on the Heaviside-type level set function (6.1). As the
Heaviside-type level set function varies only at the vicinity of interfaces, the projection needs
to be only performed in the vicinity of interfaces. On the other hand, the projection based
on the signed-distance level set function, which is a standard type of the level set function,
has to compute accurate projection in the whole domain, because the signed-distance level
set function varies everywhere. Therefore, the Heaviside-type level set function (6.1) is used
in the Lagrangian-immersed FSI method.

To capture accurately the interface I'g in (g, the weighted projection focusing on the

vicinity of interfaces is introduced:

minimize % /Q ) Q) f (D) <¢(a:) — (X + U))2 : (6.33)

where f(®) is a weighting function. Mathematical characteristics of f(®) are summarized

as follows.

e f(®) should have the maximum weight at the value which indicates the location of the

interface.
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e f(®) should be larger than 0 everywhere.

As @ is defined by the Heaviside-like level set function between 0 and 1 in this research, and
interface is defined by the iso-contour line ® = 0.5, the following double-well potential is

used in this work:
f(®) = 16a(d — 0.5)* —8a(® — 0.5)> +a+e , (6.34)

where a is an amplitude and ¢ is a shifted parameter which is much smaller than a. In
this work, @ = 10 and € = 0.001 are used. (6.34) is equivalent to the following variational

problem:

Ry = /QE QY 5o f (D) (¢(m) — (X + U)) =0. (6.35)

To compute (6.35), integration points are defined in Qg at first. Then, a corresponding point
in Qp, of each integration point in g is detected. Finally, d is evaluated at the detected

point in Qp and used in (6.35).

Qpo QD Qp
d(X) - cb(x +U) ///\
4EE R = v 4]
@ (o )
- DX + U) - ¢(x) &/
Q10 = Qg0 U Qpg O, = Qs U Qp Qp = Qp U Qy
undeformed Lagrangian system deformed Lagrangian system Eulerian system

Figure 6.5: Level set projection

www.manharaa.com




132

6.4 Finite Element Discretization of Lagrangian-Immersed FSI Method using

XFEM

This section summarizes the finite element discretization of the FSI-contact problem
based on the Lagrangian-immersed FSI method, considering two-dimensional problems. The
entire computational domain 2 is the union of the Eulerian and Lagrangian system: ) =
Qg U QL and discretized spatially by bilinear QUAD4 elements. The temporal discretization
is performed by the Newmark method with I' = 0.9 and 8 = 0.5. Given a trial function
space 8" and an admissible test function space V" (lower subscript 0 denotes a space in the

initial configuration):

Trial functions: {Us, v, U e St {vf,p/, 0} € S", (6.36)

Test functions: {6U*,6V*, 6U%} € Vi, {ov!,6p7 09} € VI, (6.37)

the variational form of the FSI-contact problem using a compressible material for the solid

phase is as follows:

R (0U*{U*, V*}) + RS (0V*{U*, V*}) + RL(SU% {U*, U"}) + R (80U U?)

+ RS, ({507, 0p"}; {v”, 7, 8}) + Ry (693 {6, D)

+ Ry (6U* U, V*, 0l p 6}) + RE ({00, 6p"}; {U°, V2,07 p/ 6}

+ RP({0U*,0V*, 65U {U*, V*, U} + R ({607, 0p'}; {v,p"}) = 0. (6.38)
This section discusses the individual terms of (6.38) except the variational form of the
stabilization terms R and RY’, for which details are provided in Section 6.5.3.

First, RS, RS and R are defined in the undeformed Lagrangian system Qp and on the

corresponding undeformed Lagrangian interface I'ry. R}, are R;, are the variational form of

the solid momentum equation (6.7) and the displacement-velocity relationship (6.8) in the

solid phase of the initial configuration {2g9. The test functions associated with R} and R},
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are 0U$, 0V and 6U¢ respectively. The detailed forms of RS, and R, are defined as follows:

A% ooU?
R = / 4 5U;p8( Ly atVE — Bf) + / a0 L7 (U (6.39)
Qso ot Qg0 0X,

RS = / dQ SV S(aU v) . (6.40)
- ot

Second, R? is the variational form of the governing equation in the dummy displacement
domain {2py. Based on the Helmholtz smoothing method, the Helmholtz equation (6.9) for
the dummy displacement outside of the solid phase {2py and the continuity condition of U/
and U¢ (6.10) on the undeformed Lagrangian interface I'yg based on the one-sided Nitsche

method are included in this weak form:

doU; ,oUY
R;‘j:/ dQ ——-p' = +/ dQ 6U p"UY
apy 90Xy 0Xy o Jay,

oud
- dr sU¢p?
/rm iP 59X,

where n¢ is the Nitsche penalty factor for the displacement continuity condition of the La-

[ stttz - v, (6.41)
I'Lo

grangian system. Based on the dummy solid method, the dummy momentum equation (6.11)
and the dummy displacement-velocity relationship (6.12) determine R%, using the one-sided

Nitsche method as follows:
d d
R! = / 0 5Uﬁpd<avi W - ) &SU HfJ(Ud)
Qpo 9 QDO

A / 10 v d(aU vﬁ) — | dr sUMHIL s
. ot I'uo

- [ drmheugiws - v+ | arsutettwz -l o)
T'ro Lo

where {II,,} is the weighted average of the first PK stress and the modulus weighting is used
n (6.42); see Section 5.5.2. As the modulus weighting is identical to the equal weighting
because Young’s moduli of the solid and void phases are identical. In general, the weighting
proposed by [100], which is used in the contact formulation in this research, works more

stably than the other weighting strategies. But no issue is observed by using the modulus
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weighting in (6.42) in this research.
Third, R denotes the variational form of the contact formulation, which is an interface
integral between two different solid bodies in Q. R is performed on the interface of a

master body in the initial configuration I'.y:

R = / dl 6g2\° (6.43)
FCO

where §¢° is the variation of the normal gap in the initial Lagrangian system and A° is
governed by the following equation based on the stabilized Lagrange multiplier method

(Section 6.2.4):

- / 40 5A° (0 — 30 — g0 | (6.44)
l_‘cO

where the definition of A\° is given by (6.27). XY is computed outside of the monolithic
FSI-contact solver and defined elementwise. Detailed discussions about contact and how to
compute A\’ are summarized in Appendix D.

Fourth, R/, and Ry are defined in the Eulerian system Qg and on the corresponding
interface 'y in the current configuration. R/, is the variational form of volume contribution

of the fluid momentum equation (6.2) and the continuity equation (6.3) in the fluid phase

of the current configuration Qp:

ov! ov! o6v!
= dQ vl pf | = + ol L — b/ /dQ—Z L(vf, pf
Rm \/K;F Uzp at +U] 81'] 7 + Op 837] 0-1](’0 P )

vl asv! 71 aopf
dQ spf 22 § dQ fof i im =f
* /S;F P axl " ecq) Qpe (va] 813] - /)f axz )TZ

aov! ov!
+ dQ 7 —+ 2L (6.45)
eeng QFe 8:@ al'j

where fQF denotes a volume integral over an elemental volume of the fluid Qg, (Qp. € Qp),

and 7’{ is a scalar residual of the momentum equation of the incompressible Navier-Stokes
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Auid:

f favf . ao—zfj(vf7pf)

/ — i . 6.46

In (6.45), terms without summation symbol are the standard Galerkin terms, other terms
are the stabilization terms for the convection and the incompressibility. Here, the residual-
based variational multiscale (VMS) method is used to suppress the numerical instability due
to convection and incompressibility, and 7/ and 7/ are the stabilization parameters of the

VMS method for the momentum and continuity equations respectively:

2pf 9 ) —1/2

T’i:[(ﬂ) + (PTG (o)) +u G G| (6.47)
-1

7l :|:T£TY(G)1 : (6.48)

where Gij = Y2 _ (0&,/0x:)(0€ /x;) and & is the isoparametric coordinate of each element.
7 and 7/ correspond to parameters of SUPG/PSPG and LSIC stabilizations, respectively.
Ry is the variational form of the level set projection using a weighted projection method

(6.35):

Ry = /Q dQ 5o f (D) (6 — D) . (6.49)

This projection is performed in the entire Eulerian system )i to capture the accurate inter-
face for the fluid phase.

Finally, R and RE' are the FSI contributions of the solid and fluid momentum equations;
(6.7) and (6.2), based on Nitsche’s method. Using the master-slave concept described in
Section 6.2.3, boundary integrals of F'SI are performed on the master (Eulerian) interface I'g.
RB is the FSI contribution for the Lagrangian interface I', and RE' is the FSI contribution
for the Eulerian interface I'g:

RS — / dr 5Ui8{0ij}fsinsL7f +/ dr’ 5Uz‘s77fSi(Vis|pL - sz) ) (6.50)
e

e
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Ry’ :/F dr 6vf {oi; ez, — /P dr ol (0w’ op i, Vil — o)
B E
_/F dl’ 5v{nfsi(‘7is|FL _ sz) . (651)
E

Here, {0;; }f is the weighted average of the Cauchy stress of solid and fluid phase and defined

as follows:
{oijtsi = Koo, (U*) + /ﬁfozfj (v!, p’) | (6.52)

where x° and x/ are weights for the solid and fluid stresses. In this research, the following

weighting strategy based on the shear modulus is used:

o
el (0:59)

GS
W= (6.54)

where G* is the shear modulus of a solid phase and G is the effective shear modulus of a

fluid phase:
s E*
&= (6:59)
o = o 6.56
=N (6.56)

In (6.55), E* and v* are the Young’s modulus and the Poisson’s ration of a solid phase.
In (6.56), u/ is the dynamic viscosity of a fluid phase, At is the time increment and ¢/
is a scaling coefficient. As p//At is much smaller than G*, ¢/ = 100 in this thesis. In
general, k/ > k°. Therefore, the traction from the fluid side is the dominant contribution
of the traction used at the interface integrals. This treatment is similar to the traditional
weighting strategy (k/ = 1, x* = 0); see discussions in Section 5.8.3.

The first term of RHS of (6.50) and (6.51) is called as the standard consistency term.
The second term of RHS of (6.51) is called as the adjoint consistency term. In this adjoint

consistency term, the traditional weighting strategy (k/ = 1, x* = 0) is applied for the sim-
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plicity because x/ > x® based on the weighting strategy in this research: (6.53) and (6.54).
The last term of RHS of (6.50) and (6.51) is called as the Nitsche penalty term. Detailed
discussion of Nitsche’s method for the Lagrangian-immersed FSI method is summarized in

Appendix C.

6.5 Numerical Implementation

This section discusses the details of the numerical implementation. The overall procedure
of Newton iteration used in this method is summarized in Algorithm 1. The FSI problem

described above is solved numerically by Algorithm 1 assuming a time step n+1 (time t"*1).

Algorithm 1 Newton solver for the Lagrangian-immersed FSI method using XFEM (time
step n + 1: ¢"1)
for k < 1 to (maximum Newton iteration) do
(1) Compute global residual and Jacobian: R

n+1

D) Jn+1

and Jg )

(2) Compute relative norm of current residual against the initial residual

Py = IRGE I/IRE

k+1 k+1)

(3) Solve incremental solution at current Newton iteration

n+1 n+1 n+1
Au ktq): (‘]k—:—l)) RI:-_i-l)

(4) Update solution vector

n+1 n+1 n+1
Uiy = i AUl

(5) Perform correction of level set projection

if r”ktrll) > 0.1 then

(5-a) Define residual and Jacobian only for level set projection: RZOSt and
(5-b) Update level set function

A¢post — _(J;JOSt) RPOSt and (bn]:_:l) _ n]::_ll + A¢p05t

Jpost

end if

(6) Check convergence criterion

if r"kfl) < (convergence criterion) then
exit

end if

end for
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6.5.1 Correction of Level Set Projection

A key component within Newton iteration (Algorithm 1) is the correction of the level set
projection after the update of solution vector at Step (5) of Algorithm 1. The correction of
level set projection is performed when the relative norm of the residual with respect to the
initial residual is larger than 1071

The purpose of the correction of the level set projection is the correction of the updated
Eulerian interface I'g at the early stage of the Newton iteration. Figure 6.6 is an image of
Lagrangian interface I'y, and Eulerian interface 'y at the early stage of the Newton iteration.
Figure 6.6 (a) shows the first iteration of the Newton iteration. At the first iteration, both
I', and I'g coincide because solution s at the first iteration is the converged solution at the
previous time step n (time t"). Figure 6.6 (b) shows the state just after the update of the
solution vector in Step (4) of Algorithm 1. At this time, I'y does not move because the
residual of the level set projection in Step (a) is zero. On the other hand, I'y, moves due to
the updated solid displacements. If the correction step (5) of Algorithm 1 is omitted, the
FSI system is built in Step (1) and solved in Step (2) using the geometries of the previous
iteration. This can lead to a large discrepancy between interfaces and slow convergence of
Newton iterations. To accelerate the convergence of the Newton solver, the correction of the
level set projection is introduced. Therefore, I'y and I'y, coincide at the beginning of each
Newton iteration. The errors associated with the mismatch of the interface geometries in

the Lagrangian and Eulerian meshes are reduced, and a fast convergence is achieved.

(b)

correction

Figure 6.6: Correction of level set projection (early stage of Newton iteration)
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6.5.2 Structure of Jacobian

The blocks of the Jacobian (tangential stiffness) corresponding to the weak form (6.38) of
the Lagrangian-immersed FSI method using the XFEM are shown in Figure 6.7 (u denotes
the entire state variables). When the norm of the residual is larger than 107! relative to the
norm of the initial residual, an approximate Jacobian, which omits the blue terms in Figure
6.7, is used to solve the system in Step (2) of Algorithm 1. Otherwise, the consistent Jacobian
which is the same as shown in Figure 6.7 is used in the Newton iteration. This is because the
correction of the level set projection described in Section 6.5.1 is applied when the relative
norm of the residual is larger than 10!, and the blue terms are no more consistent when the
correction of the level set projection is applied. In this case, an approximate computation
with respect to the level set function should be used, and the computational cost can be
reduced by omitting the contribution of blue terms in Figure 6.7. As the location of interfaces
at the early stage of the Newton iteration may significantly differ from the converged solution.
The blue terms (off-diagonal terms) of the consistent Jacobian sometimes cause the Newton
iteration to diverge. Therefore, the usage of the consistent Jacobian should be avoided at

the early stage of the Newton iteration.

Column
v/ p/ Vs Us U ¢
Row f fsi f fsi fsi fsi f fsi
v/ | oR], ORY' | OR;, ORg ORE! ORS! 0 6Rm+aRE
v’ | ouf T auf | ap” " opS Vs aus ¢ | o
RS aRS
S uv uv
OR 14 0 0 fee U 0 (]
J =5, =] 2 ORI | aR5, ORE'|OR% ORL ORP| o | ORD
u avr opl avs " avs | aus " aus ' aus a6
)26 R
v 0 0 0 u Ot 0
auUs aud
oR oR aR
0 0 0 ¢ e e
¢ ouUs aUd a¢p

Figure 6.7: Broad structure of Jacobian (Lagrangian-immersed FSI using XFEM)
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6.5.3 Face-Oriented Ghost-Penalty Method

As the geometry of the solid and fluid domains is described by the level set function in
the XFEM, the XFEM procedure usually creates intersection configurations where certain
degrees of freedom interpolate in very small subdomains. These small subdomains produce an
ill-conditioning problem, which leads an increase in the condition number of the Jacobian,
and may slow-down of the convergence or cause divergence of the Newton iteration. In
particular, as the Lagrangian-immersed FSI analysis treats the Eulerian interface as a moving
interface projected by the level set projection method (Section 6.3), numerical instability due
to small intersection configuration has a large impact.

To mitigate this ill-conditioning problem, the face-oriented ghost-penalty method is ap-
plied in this work. This ghost-penalty method is applied at the faces of intersected elements.
A face in the Lagrangian mesh of the initial configuration is denoted as I' 0. A face in the
Eulerian mesh is denoted as I'ggp,. The variational forms of the face-oriented ghost-penalty

method on I'tzp0 and I'ggy, are defined as follows:

R¥ =R® (5U*;U*) + R®,.(6V*; V*) + R® (sU% UY) (6.57)

LU

R =RE (5073 07) + R (697397 . (6.58)

The continuity of fluxes is enforced on the elemental faces by penalizing the jump of fluxes.
The contribution of the velocity and the pressure is to suppress numerical instability by

considering the associated fluxes across the elemental face:

o0V# ov:s
R, :/ dQ [{ Zﬂ ngy ngi[[ ’ ]] i (6.59)
LV - aXJ o LoJ 'Iv 8XK o LOK
dov! ov!
R, = / 4o [[ ﬂ ng? ngp[[ ﬂ ng | (6.60)
o Pegp Oz gp | Oy, gp o
oop? op’
RSP :/ dQ H ﬂ ngh nt H— ne (6.61)
Epf FEgp 8:)31 gp " pf axj gp "
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where the jump operator for the face-oriented ghost-penalty method [-]4, is defined as:

[[a]]gp = a|Qé - a|Qg ) (662)

and evaluated at the face between two adjacent elements Q! and Q2 intersected by I'Lgpo
or I'ggp. In the face-oriented ghost-penalty method, the jump terms are integrated over the
entire face, individually for each phase that is considered. The face-oriented ghost-penalty
method for displacements is defined by the minimization of the jump in the first PK stress
on the elemental faces [75]. Applying the following variational forms, the continuity of the

stress field is weakly enforced, even if there is a tiny intersected element:

8Us .
O R e IR s (6:63)
T'rgpo J gp
e
r = [ ar |G| s (6:61)
TLgpo J Ugp

where II7; denotes the first Piola-Kirchhoff stress tensor of the solid phase. While there is
no physical solid material in the dummy displacement domain (2pg, the dummy second PK
stress I1¢, is assumed by the same material constitutive law as the solid phase.

NGy M, Mgas M5y and niff are the penalty factors of the ghost penalty method. Following
the works of Burman et al. [105], Schott et al. [72], Lawry et al. [75] and Villanueva et al.

[106], these penalty factors are defined as follows:

nEh —afh (6.65)
e = hG® (6.66)
N =agh (6.67)
1 =0yl (6.65)
f IS -1
gp _ epp2( M P! |o
ny; =azh (7 e : (6.69)

where h is a representative elemental length, 1/ is a dynamic viscosity of fluid and G* is a

representative shear modulus of solid. || - ||oc denotes an infinity norm, which extracts the
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maximum amplitude from a vector:
lla||oo = max(|ai], |as], - ,|a,|) for n dimension vector (6.70)

The penalty factor for the pressure term is to control instability of the pressure considering

the inf-sup condition of equal-order approximation for velocity and pressure [72]. oSt ozfp,

a$iF aBF and aff are constant scaling factors. The typical value of these scaling factor is

from 0.001 to 0.05.

Qpo ILgpo Qg

FEgp

undeformed Lagrangian system Eulerian system

Figure 6.8: Faces for face-oriented ghost-penalty method: I'tg,0 and I'gg,
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6.6 Numerical Examples

This section studies four numerical examples of the Lagrangian-immersed F'SI method
using the XFEM and the time stepping scheme. The first and second examples are steady-
state F'SI problems. These examples demonstrate the capability of the Lagrangian-immersed
FSI method for the steady-state FSI problems. The third example is a transient structural
problem including multibody contact and this example is a preliminary example for a FSI-
contact problem. The fourth example is a transient FSI-contact problem.

In these examples, the plane strain case is assumed. In the first example, a solid structure
is made by an isotropic linear elastic material. In the other examples, the solid objects are

made by a neo-Hookean material (Belytschko et al. [107]):

1 1
W* =2 (In(dlet ) + 5 (Tr(C") = 3) — i In(det F*) . (6.71)
s aW s S s s—1 s
oCs,

Here, W* is the hyperelastic function of the neo-Hookean material, F'* is the deformation
gradient tensor, C*® is the right Cauchy-Green tensor (C* = F*TF*) S is the second Piola-

Kirchhoff stress tensor, and A* and p* are the Lamé’s constants defined as follows:

s

v
AP = E? .
(14+v9)(1—2vws) (6:73)
1
= ———F° .74
=it (6.74)

where F° is the Young’s modulus and v* is the Poisson’s ratio.

6.6.1 Stationary Beam in a Fluid Channel (COMSOL Benchmark Problem)

The first numerical example is a stationary beam in a fluid channel and focuses on
the steady-state response of a fluid-structure interaction problem. This example is one of

the benchmark problems of the commercial software COMSOL Multiphysics [108] and also
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studied in the Ph.D. thesis of Jenkins [109]. The geometry of this numerical example is

shown in Figure 6.9 and the problem parameters are listed in Table 6.1.

Ly
f f f
l-‘mlet I‘noslip l-‘free
H 0
Qs
l—‘(igbc
Ly — =D Ly
Figure 6.9: System of COMSOL benchmark problem
Table 6.1: Parameters of COMSOL benchmark problem
Group Description Parameter
Geometry system length in x L, = 300pm
system length in y L, = 100pm
distance of a beam from the origin Ly = 100pm
beam thickness D =5um
diameter of hemisphere at the tip of a beam D = 5um
beam height H =47.5um
Solid density p® = 1000kg/m?
Young’s modulus E?® = 200kPa
Poisson’s ratio v® =0.33
body force Bs = (0,0)m/s?
artificial viscosity a® = 0kg/s
Fluid density p! =1000kg/m?
Reynolds number Re=1.5
kinematic viscosity vl =107%m?/s
body force b/ = (0,0)m/s?
mean inflow velocity U =0.0333m/s

The beam is made by an isotropic linear elastic material and immersed in the fluid

domain. Fixed Dirichlet boundary conditions are applied at the bottom of this beam I'j, :

=U, =0, V=V’ =0 on I'§,. . (6.75)
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The fluid domain has a parabolic inlet flow at Fifnlet and a traction free outlet condition is

f f

free" noslip

prescribed at I’ The no-slip boundary condition I' is applied to the upper and lower

edges of the fluid domain:

_yl(H —
vl (0,y) = 6U%, vl =0 onT! (6.76)
vl =0/ =0 on Fﬁoshp . (6.77)

This benchmark problem only focuses on a steady-state solution of a FSI system. There-
fore, this example uses an one-step time integration based on the BDF1 method with a
large time increment (At = 10?%s). The weak form of this system is as follows (details are

described in Section 6.4):
R (SU; {U*, V*}) + By 3V {U%, V*}) + RAOU {U*, U))
+ RY ({007, 6p"}; {07 p'}) + Ry (695 {9, 9})
+RE(6U {U, Vo, o! p"}) + Ry ({00!, 6p” ) {U*, V7,07 p'})

+RP({0U°,6V?,6U L {U*, V*, U} + R ({007, 6p"}: {v” p'}) = 0. (6.78)

R% is a residual of the dummy displacement domain p and R? in this example is defined by
the Helmholtz smoothing method. As there is only one solid structure, the contact residual
R? is not included in this case. Newton’s method using a direct solver is used and the
convergence criterion requires a drop of the norm of the residual of 107 relative to the norm
of the initial residual.

The COMSOL benchmark problem [108] uses the moving mesh using the ALE-FSI
method (ALE-FSI with remeshing). Jenkins [109] uses the ALE-FSI method without remesh-
ing. [109] compares the body-fitted modeling and the immersed boundary modeling using
the ALE-FSI method. Table 6.2 summarizes the computational results for different spatial

discretization sizes h and reference solutions. Comparing the finest model of the current work

(Model 3) and reference works, the maximum von Mises stress of a solid beam is slightly
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larger than reference works. The tip displacement U] in x direction and the norm of the

fluid velocity ||vf|| of Model 3 are also larger than the reference works.

Table 6.2: Computational results of COMSOL stationary benchmark problem

Model h U at beam tip max(0%,) max(||v7])
(pm) (pm) (mPa) (m/s)
Model 1 (At = 10%s) 1.333 9.662 6.190 0.0875
Model 2 (At = 10%s) 1.075 10.390 6.782 0.0919
Model 3 (At = 10%s) 0.954 10.960 6.838 0.0922
COMSOL, moving mesh - 8.388 6.480 0.0884
Jenkins, body-fitted mesh - 8.088 6.158 0.0628
Jenkins, immersed boundary - 8.113 6.201 0.0624

Us [v/|
0 5.48 1096ym 0 0.461 0.922m/s

WJIIIII“IIIIIIM WIIIIII]IIIIIIJM

Figure 6.10: Steady-state result of COMSOL benchmark problem
(solid displacement in x: U$ and norm of fluid velocity |v/])

Figure 6.10 shows the steady-state result of Model 3 defined in Table 6.2. The region
with the mesh superimposed is the deformed solid domain 2g. The color of a meshed
region shows the solid displacement in z-direction; U}. The other region is the fluid domain.
The color in this region represents the norm of the fluid velocity ||[v/]|. The Lagrangian
solid is deflected by the parabolic channel flow and the FEulerian fluid field is affected by
the solid structure simultaneously. Figure 6.11 shows non-matching interfaces around a

egion colored by gray is the deformed solid domain ()5 based
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Figure 6.11: Non-matching interfaces

on the Lagrangian description and the outside of 2g is a fluid domain Qr based on the
Eulerian description. As the Lagrangian-immersed FSI method uses separate non-matching
interfaces of the Lagrangian and Eulerian mesh, gaps between a Lagrangian interface I';, and
an Eulerian interface I'g always exist. This gap can be reduced by refining the mesh size

because the accuracy of the level set projection increases.

. - ma
—4.77 p. Pa 22.68

Figure 6.12: Deformation of fluid domain at reference work (Jenkins [109])
(Left: Deformed body-fitted ALE meshes with pressure contours)
(Right: Deformed immersed ALE meshes with pressure contours)

The reason why the Lagrangian-immersed F'SI method achieved larger deformation than
reference works is primarily related to the description of fluid meshes. Figure 6.12 shows

akins [109] using the ALE-FSI method without remeshing; the left
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”
»‘f: /;

-4.77 pf 22.68Pa

M\HHHHI“HHHH“M

Figure 6.13: Distribution of fluid pressure around a tip

(Corresponding to Figure 6.12)
figure is the result using body-fitted meshes and the right figure is the one using the immersed
boundaries. The color shows the fluid pressure and white lines are its iso-contours. The black
domain represents a solid beam. Based on the ALE formulation, fluid meshes around the
tip of a beam deforms significantly by following the deformation of a beam. In particular,
the fluid meshes using the immersed boundary method (right figure of Figure 6.12) deform
significantly. While the ALE formulation does not influence the deformation of the solid
structures, the ALE formulation suffers from the limits of the deformation of the fluid mesh
to avoid negative determinants of Jacobians of fluid elements. The deformation of the fluid
mesh tends to degrade the accuracy of the flow solution if a large deformation occurs in the
fluid mesh.

The results of Jenkins [109], computed the smallest tip displacement and the von Mises
stress in Table 6.2. In addition, the maximum of the norm of the fluid velocity at Jenkins
[109], max(||v/]]) is much smaller than this work and COMSOL. This fact might be related
to the above discussion of the limit of the ALE formulation. In the result of COMSOL, the

limitation. of deformation. of fluid meshes is moderated by remeshing and this may lead to
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the larger deformation of the solid beam than Jenkins [109] (ALE-FSI without remeshing).
Figure 6.13 shows the result using the Lagrangian-immersed FSI method that corresponds
to Figure 6.12. The color shows the fluid pressure and white lines are its iso-contours. The
shape of the fluid meshes around the tip of the solid beam differs noticeably. As the fluid
domain of the Lagrangian-immersed FSI method is defined by the Eulerian description, the
shape of fluid meshes is always fixed. In addition, the FSI boundary integral is computed
on non-matching interfaces located in separate meshes. As the solid structure and the fluid
phase are completely separate, this geometric feature also enhances the deformability of the

FSI system. Therefore, the larger deformation is allowed than in the other reference works

of Table 6.13.

10.96pum 6.84mPa

Uz Oym
548 342

paananiny ||||'||'fm
TTITTT ||'||||'||'fm

0

Fdbe Fabe
Figure 6.14: Deformation of a Lagrangian mesh

(Left: Solid Displacement in = UZ, Right: Von Mises Stress o2 )

The Lagrangian system in the Lagrangian-immersed FSI method consists of the solid
phase and the dummy displacement phase. Figure 6.14 illustrates the deformed solid phase

2s and the deformed dummy displacement phase {2p. White lines show the interface between
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the solid and dummy displacement phase, and this interface should correspond to the Eule-
rian interface by the level set projection. )p is driven by the Helmholtz smoothing method
in this example. As shown in Figure 6.14, the continuity of the displacements across the
interface in the Lagrangian domain (the white line) is guaranteed by the one-sided Nitsche
method; see (6.41). The smooth deformation of the Lagrangian mesh like Figure 6.14 is

needed for the accurate level set projection and FSI on non-matching interfaces.

6.6.2 Stationary Beam in a Fluid Channel with Body Force

The second numerical example is also a steady-state FSI problem but the finite strain
theory and body forces are applied to the solid phase. A beam structure made by the neo-
Hookean material defined in (6.71) - (6.74) is pinned within the fluid channel. This geometry
of this example is identical to an example of the full-Eulerian FSI method summarized in
Section 5.9. The geometry and material parameters of this numerical example are shown in

Figure 6.15 and given in Table 6.3.

L
y
Qdbc
l—‘inlet i 1—‘fsi 1—‘noslip l—‘free
H {1
(0,0) A A+w L,

Figure 6.15: System of stationary beam with body force
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Table 6.3: Parameters of stationary beam with body force

Group Description Parameter

Geometry system length in x L,=172m
system length in y L, = 3.94m
distance of a beam from the origin A=19"m
beam width w = 3m
center position of beam in y H =2.30m
radius of hemisphere at the tip of beam r = 0.5m

Solid density p® = 1000kg/m?
Young’s modulus E?® = 300kPa
Poisson’s ratio v® =0.49
body force B* = (0,—3)m/s?
artificial viscosity af =157t

Fluid density p’ = 1000kg/m3
Reynolds number Re =10
kinematic viscosity vl =0.1m?/s
body force b/ = (0,0)m/s?
mean inflow velocity U=1m/s

In Figure 6.15, a solid beam consists of Qg and Qqpe (black domain in Figure 6.15) where

the Dirichlet boundary conditions are applied:

U; = U; = O, sz = V; =0 in dec . (679)

/

The fluid domain has a parabolic inlet flow at I’

f

free*

. and a traction free outlet condition is

applied at I’

No-slip boundary conditions are applied at the upper and lower edges Fioshp:

~y(H —y
Ui(ovy):(iU(Tg)

vg = vg =0 on I'yosiip (6.81)

, vl(0,y)=0 on Tinet (6.80)

The weak form of this system is identical to the one of the previous numerical example. In the
dummy displacement domain, the Helmholtz smoothing method is used. As this numerical
example also focuses on a steady-state solution, this computation is an one-step BDF1 time
integration method with a large time increment (At = 10%s). Newton’s method with a direct

solver is used and the convergence criterion requires a drop of the norm of the residual of
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1076 relative to the norm of the initial residual. The weak form of the governing equations
is identical to the one of the previous example; (6.78), but the solid model is different and
the body force is applied in this example.

Figure 6.16 shows the geometry of the solid and fluid meshes in the deformed config-
uration. FSI is considered between the non-matching Lagrangian and Eulerian interfaces:
'L and I'g. In this numerical example, the models listed in Table 6.4 are studied and the

convergence study is analyzed via these models.

H .

rinlEt e

Figure 6.16: Mesh of stationary beam with body force

Table 6.4: Models of numerical example 2 of Lagrangian-immersed FSI using XFEM
Model Number of Nodes Spatial Discretization h (m)

1 2125 0.1971
2 2125 0.1314
Model for Figures 6.17 - 6.19 3 4699 0.1095
4 5781 0.0986
5 7614 0.0857
Reference 6 7614 0.0788
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Figure 6.17: Steady-state velocity distribution (Model 3 of Table 6.4)
(Solid: Mesh, Fluid: Surface)

Figure 6.18: Fluid pressure and vorticity (Model 3 of Table 6.4)
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l 0.16kPa
5

oymMm

0.08

i,

Figure 6.19: Solid displacement and von Mises stress (Model 3 of Table 6.4)

The results for Model 3 in Table 6.4 are shown in Figures 6.17 - 6.19. Figure 6.17 shows
the velocity distributions of both the solid and fluid phases. V* and vlf denote the velocity of
the solid and the fluid, respectively. The solid beam deforms by the body force in y direction,
and the fluid flow fits to the deformed solid structure. The results show that the continuity
of the solid and fluid velocity is satisfied. Figure 6.18 shows the following fluid quantities:
the fluid pressure p/ and the fluid vorticity in z direction; w/. Figure 6.19 illustrates the solid
displacements; U; and Uy, and the von Mises stress oy, (Cauchy stress). As the Lagrangian
description is used for the solid phase, deformable meshes are used for the solid structure.

As it is described above, this numerical example is similar to the numerical example of
the full-Eulerian FSI method described in Section 5.9. The advantage of the Lagrangian-
immersed FSI method over the full-Eulerian FSI method is the ability to compute a steady-

state problem using a single time step with a large time increment At. The representation
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of a deformed solid structure in the full-Eulerian FSI method is based on the propagation
of the level set function (CLSF method) in time. Therefore, the full-Eulerian FSI method
needs to use much smaller time increments At = 0.005s than the Lagrangian-immersed FSI
method (At = 10%s), and multiple time steps are necessary for the computation based on
the full-Eulerian FSI method. On the other hand, it is easy to obtain an accurate solid
structure using the Lagrangian-immersed FSI method with a large time increment because
the Lagrangian description is used for the solid phase. The steady-state solutions can be
easily computed by the Lagrangian-immersed FSI method, similar to the conventional ALE-
FSI method.

Using the models described in Table 6.4, the convergence of the L2 error of characteristic
physical quantities are studied. The reference solutions are computed with Model 6 in Table

6.4. Evaluated L2 errors of the solid phase are as follows:

Jo, A2 [VE = V2|12
Err(V?®) = 5 . : (6.82)
\/ Jog A V22
Jog AU = Upyll?
Err(U?) = K . : (6.83)
\/ st ds HUref“2
fQ dS2 (095 — OVaLrer)”
Err(ogy) = £ . : (6.84)
W \/ fQS AQ oY ef”

where V*, U* and 0%, are the displacements, the velocities and the von Mises stress (Cauchy

stress) of the solid phase Qg, respectively. The L2 errors of the fluid phase are as follows:

Jo, A 07 — v )?

Err(v’) = , 6.85
STy A .
Err(p’) = fQE dQ (p/ — p{cf)2 (6.86)
— S .
\ fQF ds? p{ef
Jo, A9 (¢7 — ql,p)?

Brr(g) = | = e (6.87)

\ fQF ds Qres

where v/ and p/ are the velocity and the pressure of the fluid phase Qp. ¢/ is the in-plane
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effective shear stress defined by principal stresses of and o3; ¢f = |01 — 0]/2, which is a

similar measure as the von Mises stress of the solid phase. Figure 6.20 shows the comparison

of the L2 errors of the velocity and the stress measures. Red markers represent the solid

quantities and blue markers represent the fluid quantities. The rates of convergence are

computed by the least square fitting and both dashed lines represents the fitted data of the

solid (red) and the fluid (blue), respectively.

L2 Error of V¥ and v/’

L2 Error of U*
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Figure 6.20: L2 error of velocity and stress
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Figure 6.21: L2 error of solid displacement and fluid pressure
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Both the solid and fluid velocity have similar rates of convergence (left figure). In terms of
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stress measures (right figure), the solid phase has lower convergence rate than the fluid phase

in this example. Figure 6.21 illustrates the L2 errors of the fluid pressure p/ and the solid

displacement U®. Figure 6.22 shows a comparison of the L2 errors of the level set function

in both the Lagrangian and Eulerian systems. ® is the level set function in the undeformed

Lagrangian system (), and the purpose of this ® is to describe the initial solid structures. ¢

is the level set function in the Eulerian system Qg. ¢ is defined by the projection of ® based

on the level set projection method (Section 6.3) and the interface used in the FSI boundary

integral I'g is determined by the iso-contour of ¢. The L2 error of ® is defined in the entire

Lagrangian system {2, and the L2 error of ¢ is defined in the entire Eulerian system Qg as

follows:

fQL dQ (& — Ppep)?

Err(®) = 5
fQL dS) Do
Err(g) = | Joe 8 (0~ drar)?
dQ Gret”
fQE ¢ref
10° '
® [agrangian: © i
B FEulerian: ¢ ok
\%\ ’/::”
2 2.3351 5
= ox h g%
=Y S
c.é 107! ' ~ h2'2289
S 5
o &‘
— +f
s
102 ' ‘
0.05 0.1 0.2

Spatial Size s (m)

0.5

Figure 6.22: L2 error of level set function

(6.88)

(6.89)
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The L2 error of ®: Err(®) purely indicates the difference in initial designs of the solid
beam. The difference of the L2 error of ¢: Err(¢) reflects the accuracy of the level set
projection. As can be seen from Figure 6.22, Err(¢) and Err(®) overlap and the rates of
convergence of both L2 errors are almost identical; i.e. a factor of around 2.3. These results
suggest that the level set projection method performs well in the Lagrangian-immersed FSI

method.

6.6.3 Transient Structural Problem with Multibody Contact

The third numerical example is a transient structural problem with multi-body contact.
This example studies the characteristics of the stabilized Lagrangian contact formulation
(Section 6.2.4) in a transient problem. In this numerical example, three elastic circular solid
objects (solid 1, 2 and 3) exist within an elastic ring solid object (solid 4) and they are made
by the neo-Hookean material (6.71) - (6.74). The initial geometry and material parameters

are shown in Figure 6.23 and listed in Table 6.5.

Figure 6.23: Model of transient contact problem
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Table 6.5: parameters of multibody contact problem

Group Description Parameter
Common density p* = 1000kg/m?
Poisson’s ratio v® =04
body force B* = (0,0)m/s?
artificial viscosity o = 0s™!
element size h = 0.25m
Solid 1 Young’s modulus E*! = 300kPa
centroid X! =(-4/3,4/3)m
radius r! =0.7m
initial velocity Vil = (0.56, —0.24)m/s
Sold 2 Young’s modulus  E*? = 300kPa
centroid X?=(1,1)m
radius r? = 0.7m
initial velocity V52 = (0,0.8)m/s
Solid 3 Young’s modulus E* = 300kPa
centroid X3 =(-1,-1)m
radius r? = 0.7m
initial velocity Vi = (=1/v/2,-1/v/2)m/s
Solid 4  Young’s modulus E** = 30MPa
centroid X! =(0,0)m
inner radius ri = 3.40m

outer radius
initial velocity

rd . = 3.76m
Vil =(0,0)m/s

ini

The computational domain €2y is constructed by the union of undeformed Lagrangian

solid domains based on the total Lagrangian formulation:

(6.90)

The state variables are the solid displacement U; and the solid velocity V;°. The variational

form consists of the solid momentum equation R? (6.39), the displacement-velocity relation-

ship R?, (6.40), and the contact residual of the stabilized Lagrange multiplier method R?

(6.43). In addition, the face-oriented ghost-penalty method is applied to stabilize U7 (6.63)

and V;° (6.59), respectively:
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R (6U*{U*, V°}) + R, (6V*:{U*, V*})

+ R(OUS U?) + R ({6U*, 6V} {U*, V*}) =0 . (6.91)

The Newmark method (v = 0.9, 8 = 0.5) is used as a time integration scheme and the time
increment At is set to At = 0.2s. The nonlinear contact problems are solved by Newton’s
method and a direct solver is used. The convergence criterion for the Newton iteration
requires a drop of the norm of the residual of 1075 relative to the norm of the initial residual.
In addition, an adaptive time-stepping scheme is applied to avoid the divergence at the
Newton iteration and for the robust contact analysis method. If the norm of the residual

increases over 10* relative to the norm of the initial residual, At is reduced as follows:
Atnew = CYcutAtold y (692)

where a. is set to 0.7 in this research. The Newton step when At is reduced, is recomputed
from scratch.

Representative computational results are shown in Figure 6.24, focusing on times when
contact occurs. Figures 6.25 and 6.26 show the history of the momentum of the entire system
Qg0 and momentum of each solid domain Qf, - Q& respectively. The total momentum (black
line in Figures 6.25 and 6.26) is constant at any time and thus, the numerical implementation
of the transient contact analysis satisfies the conservation of the momentum. The kinks in
Figures 6.25 and 6.26 indicate instances in time when contact occurs. The momentum is
transmitted across solid bodies. These results suggest that the proposed formulation and
computational schemes are able to compute multiple contact phenomena among multiple

solid bodies in a stable fashion with acceptable accuracy.
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Trajectory of Velocity von Mises
centroid inx stress

t =0s
(step0)
t=1s
(stepb)
t = 3.54s
(step18)
t = 25.98s
(stepl133)

-0.4 vx U4m;‘s 0 a\,m lﬂPa

t =13.08s
(step66)

Figure 6.24: Results of transient contact problem
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Figure 6.25: History of momentum in x
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Figure 6.26: History of momentum in y
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6.6.4 Multibody FSI-Contact Problem using XFEM

The fourth numerical example is a FSI-contact problem based on the combination of the
Lagrangian-immersed FSI method and the stabilized Lagrange multiplier method for contact
using the XFEM. In this example, there are five solid structures made by the neo-Hookean
material (6.71) - (6.74). These solid structures are defined within individual Lagrangian
domain Q} (i = 1 ~ 5). Each Lagrangian domain 2} contains a solid domain Qf and a
dummy displacement domain Q%: Qi = QL U Q4. Figures 6.27 - 6.31 and Table 6.6 are the

geometry of each Lagrangian domain.

X;+ L X2 + L2
® ®

| 03,
X5
Figure 6.27: Lagrangian system 1: Qf, Figure 6.28: Lagrangian system 2: QF,
X3+1L° X§+L"

3
It

3
‘QDO

@
X3

Figure 6.29: Lagrangian system 3: Q3 Figure 6.30: Lagrangian system 4: Qf
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Xs

Figure 6.31: Lagrangian system 5: Q2

The interfaces of the solid structures 1, 2 and 4 are defined by the strain ellipsoidal

equation using the exponential function as follows:

2

eV e = 907 (6.93)
where a,b and ¢ are positive real numbers and only a has the following constraint:
0<a<VvIn2~0.8326 . (6.94)

The following results are solutions of (6.93) based on a polar coordinate system (r,6) (Ya-

mamoto [110]):

r(0) = ro + %\/— In {2 exp(—a2) — exp (—b%gﬂax sin{ (0 - g) g})] : (6.95)
—_— \/ —%m (2 exp(—a?) — 1) , (6.96)

where 7(0) is a radius from the centroid (X, Y.) as a function of angle 6. Using r(6), the

signed-distance level set function ®; is computed as follows:

by=d —2 — /(X = X)2+ (Y - Y,)2. (6.97)

Finally, the signed-distance level set function ¢, is converted into the Heaviside-type level
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set function ®, which is used in the Lagrangian-immersed FSI method:

o = {1 + exp ((}L)] B (¢ = 0.5R"9) . (6.98)

€p
The interfaces of the solid structures 1, 2 and 4 are defined by the following parameters

which are used in (6.96) and (6.97):

Solid 1: n=6, a=0.81, b=0.01485, c =1, d = 0.5577, 79 = 0.1Zpa , (6.99)
Solid 2: n=4, a=0.81, b=0.01800, c=1, d = 0.5577, 7o = 0.1Zpmax , (6.100)
Solid4: n=5, a=0.81, b=0.02200, c=1, d = 0.5577, 7o = 0.1Zmax - (6.101)

The Eulerian domain g has a rectangle domain and no-slip boundary conditions are
applied on all edges of the rectangle. The geometry parameters are summarized in Table
6.6. The fluid domain Qp is included in Qg: Qp € Q. The interface of the fluid domain is
denoted as the Eulerian interface I'y and automatically created by the level set projection
method as shown in Figure 6.32. The fluid domain is modeled by the incompressible Navier-
Stokes equations. Material parameters of the solid and fluid phase, and the initial conditions
are given in Table 6.7. A body force in y direction is only applied to Q§, Q%, Q2 and Q.

x! + LS

— o

B 1_‘noslip 1

O

level set O

Qp —> | Qf
Q

projection
1F_E[

Figure 6.32: Eulerian system: Qg

O
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Table 6.6: Geometry parameters

System Description Parameter
Lagrangian 1 origin X, = (1.067,7.067)m
system size L' = (1.867,1.867)m
shape of solid regular hexagon
centroid of solid X! = (2.000, 8.000)m
max. radius r! =0.641m
angle of 7! 0! = /6 rad
Lagrangian 2 origin X? = (1.467,4.267)m
system size L? = (1.867,1.867)m
shape of solid rounded square
centroid of solid X? = (2.400, 5.200)m
max. radius R? = 0.656m
min. radius r? = 0.560m
angle 0? = w/4 rad
Lagrangian 3 origin X2 = (0.400, 5.467)m
system size L3 = (1.867,1.867)m
shape of solid circle
centroid of solid X2 = (1.333,6.400)m
radius r? = 0.509m
Lagrangian 4 origin X! =(0.788,2.628)m
system size L* = (1.867,1.867)m
shape of solid regular pentagon
centroid of solid X2 = (1.733,3.675)m
max. radius r* = 0.605m
angle 0* = 7/10 rad
Lagrangian 5 origin X = (—0.400, —0.120)m
system size L° = (4.800,3.180)m
width for DBC a4 = 0.087m
base width a; = 3.374m
wall width as = 0.626m
height for DBC  b; = 0.330m
base height by = 0.341m
wall height by = 2.853m
Eulerian origin x/ = (0,0)m
system size L/ = (4,10)m
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Table 6.7: Physical parameters of solid and fluid

Domain Description Parameter

Solid density p* = 1000kg/m?
Young’s modulus E° = 1MPa
Poisson’s ratio v =04
artificial viscosity o = 0s*
body force B =(0,—1)m/s?
initial velocity oo =(0,—1)m/s

Fluid density p’ = 1000kg/m?
kinematic viscosity v/ = 1072m?/s
body force b’ = (0,0)m/s>
initial velocity v/ random in [-1075,107%]m/s

As the Lagrangian-immersed FSI method uses multiple meshes, each solid objects and
fluid system are spatially separate. Therefore, different element sizes for the spatial dis-
cretization can be used in each mesh. The spatial discretization of Lagrangian systems 1- 4
is determined based on the size of the spatial discretization in the Eulerian system h as listed
in Table 6.8. The size of the spatial discretization of Lagrangian system 5 (fixed structure

at the bottom): h?, is constant and independent from h.

Table 6.8: Summary of spatial discretization (multibody FSI-contact problem)

System Shape of Solid Spatial Size
Eulerian: Qg - hg = h
Lagrangian 1: Qf, regular hexagon  hiy, = 2h
Lagrangian 2: Qf, rounded square  h}, = 2h
Lagrangian 3: Q}, circle hi,=h
Lagrangian 4: Qf, regular pentagon hi, = 2h
Lagrangian 5: 0}, concave shape h}o = 0.1867m

The weak form of this numerical example is identical to (6.38), which contains both
the FSI boundary integral and the contact boundary integral. As rigid body rotation of
solid structures occurs in this example, the dummy solid method (6.42) is applied and the
residual term R¢ is computed accordingly. The penalty coefficients for Nitsche’s method,
the face-oriented ghost-penalty method, and the stabilized Lagrangian contact formulation

ate-summarized-in-Lable-6:9:
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Table 6.9: Penalty coefficients for multibody FSI-contact problem

Method Penalty Coefﬁcients
Nitsche’s method for FSI nf abiEs, =0. 1s/m
face-oriented ghost-penalty method ag. = apy = oy = oy = 0.05, ol = 0.005

stabilized Lagrange multiplier method a, =5

The Newmark method (v = 0.9, 5 = 0.5) is used as a time integration scheme and the time
increment At is set to At = 0.1s. Newton’s method with a direct solver are used. The
convergence criterion for the Newton iteration requires a drop of the norm of the residual of
5 x 1073 relative to the norm of the initial residual. In addition, the adaptive time-stepping
scheme is applied to ensure the convergence of the Newton iteration; see (6.92) in Section
6.6.3.

Figures 6.33 - 6.52 show the distribution of the solid and fluid velocities V;* and v, the
fluid pressure p/ and the fluid in-plane effective shear stress ¢/ (¢/ = |oy — 03|/2). Figure
6.33 shows the initial configuration of this FSI-contact problem. Figures 6.34 - 6.37 show

snapshots when only FSI occurs without contact.

{IEm,i's 05 {}Emj's vl 3kPa IEUPJ

Figure 6.33: FSI-contact problem using XFEM (¢ = 0s, step0)
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{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.34: FSI-contact problem using XFEM (¢ = 1.1s, step10)

I[IEm,n"s {]5 {}Em;'s vl 3kPa IE{JP.I

Figure 6.35: FSI-contact problem using XFEM (¢ = 2.05s, step20)
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{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.36: FSI-contact problem using XFEM (¢ = 3.05s, step30)

I[IEm,n"s {]5 {}Em;'s vl 3kPa IEUP.I

Figure 6.37: FSI-contact problem using XFEM (¢ = 4.05s, step40)
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Figures 6.38 - 6.52 show snapshots when both FSI and contact occur simultaneously.
Figure 6.52 shows the final step of the computation. The solid structures contact each other,
and the velocity of these structures becomes almost zero in Figure 6.52. The fluid velocity
becomes much smaller than values at step 200 (Figure 6.52) and ¢/ is almost zero in this

snapshot. Thus, the equilibrium state is approximately reached at step 347 (¢ ~ 30s).

{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.38: FSI-contact problem using XFEM (¢ = 4.75s, step50)
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{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.39: FSl-contact problem using XFEM (¢ = 5.575s, step60)

I[IEm,n"s {]5 {}Em;'s vl 3kPa IE{JP.I

Figure 6.40: FSI-contact problem using XFEM (¢ = 6.425s, step70)
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{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.41: FSl-contact problem using XFEM (¢ = 7.375s, step80)

I[IEm,n"s {]5 {}Em;'s vl 3kPa IEUP.I

Figure 6.42: FSl-contact problem using XFEM (¢ = 8.25s, step90)
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{IEm,ﬂ’s -0.5 {}Em,"s -1 3kPa 150Pa

Figure 6.43: FSl-contact problem using XFEM (¢ = 9s, step100)

03m/fs -0, 0.5m/s -1
m o e . | |

Figure 6.44: FSl-contact problem using XFEM (¢ = 10s, step110)
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0.3m/s -05
[ o

Figure 6.45: FSl-contact problem using XFEM (¢ = 11s, step120)

0, 3mfs -0, 5 0, 5mfs -1 15l:I'Pa

Figure 6.46: FSI-contact problem using XFEM (¢ = 11.9s, step130)

www.manharaa.com




176

03m/fs -05
e | [ o
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0.3m/fs -05
e | o |
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-0.3 0.3m/s -0.5 0.5m/s
m i o .

Figure 6.51: FSI-contact problem using XFEM (¢t = 17.2s, step200)

0. Em,ﬂ'g -0.5 0. sm,rs -1 3kPa IEUFa

Figure 6.52: FSl-contact problem using XFEM (¢ = 30.98125s, step347)
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The results in Figures 6.33 - 6.52 suggest that the Lagrangian-immersed FSI method using
the XFEM has the ability to compute both FSI and contact phenomena simultaneously. As
the solid and fluid meshes are spatially separate, a flexible FSI-contact formulation and
computational method were developed. However, there is a numerical issue in terms of
the XFEM in this example. A typical example of this issue is the oscillation of the fluid
velocity and the fluid stress around Solid 4 (pentagon); see Figure 6.53. This figure shows
the distribution of the fluid velocity and stress around Solid 4 and non-smooth distribution

is observed around Solid 4.

03 Vx 03mys 05 V¥ 05m/s 0 qf 150Pa
- - " - - -

Figure 6.53: Oscillation of fluid velocity and stress (¢ = 4.05s, step40)

Similar spurious oscillations can be observed in Figure 6.53 is Figures 6.54, 6.55 and
6.56. These figures show the results of a falling cylinder due to the body force within the FSI
system. A two-dimensional circular cylinder is immersed within an incompressible fluid. This
cylinder has the radius of r = 0.509m and its centroid X, in the initial configuration is X, =
(1.73,8.00)m. The geometry parameters of the Eulerian system and material parameters are
identical to the problem presented in Section 6.6.3. Focusing on steps 105 and 125 of Figures
6.54 and 6.55, the fluid velocity highly oscillates around the cylinder (see Figure 6.53) and

this computation diverges at step 126 due to this oscillation. The fluid pressure oscillates in

time; see Figure 6.56.
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Figure 6.54: Interpolation error due to XFEM (velocity in )

05 Yy o0smys
[

Figure 6.55: Interpolation error due to XFEM (velocity in y)
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Step90 (t=5.935) Stepl05 (t=6.93s) Q@ Stepl20 (1=7.85) Stepl25 (1=Hs)

Figure 6.56: Interpolation error due to XFEM (fluid pressure)

These issues are caused by the numerical error due to moving interfaces using the combi-
nation of the XFEM and a time stepping scheme. This error has been discussed in Chapter
3. In the Lagrangian-immersed FSI method, the fluid domain is represented by the Fulerian
description and background meshes are used. Immersed FSI interfaces follow the motion of
the solid structures. The combination of the XFEM and the time stepping scheme cannot
handle correctly numerical interpolation due to the phase change as interface moves; see
Figure 1.1.

To overcome this numerical error, XFEM based fixed-grid approach for the FSI (Wall
et al. [69], Mayer et al. [70]) uses the ghost fluid method (Fedkiw et al. [37], Hong et al.
[38], Liu et al. [39] and Naguyen et al. [40]). The ghost fluid method is originally derived
from the numerical interpolation of the Eulerian equations with moving interfaces. This
method uses the idea of a Lagrangian description within the Eulerian system. The numerical
interpolation along time is computed by considering corresponding material coordinates and
thus, the effect of moving interface is included in the time evolution of the solution.

Figure 6.57 illustrates the numerical interpolation along time based on the ghost fluid
method. A region colored by white is defined as the domain A: Q} and another region

colored by gray is defined as the domain B: Qf} at time ¢". A black solid line and a black
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dashed line represent the interfaces between A and B at time ¢" and t"~!; they are denoted
by I'™ and !, respectively. At a point " on I'", the solution u}(x™). belongs to the
phase B. The time interpolation of uf(x™) needs the information of the corresponding past

n=1 Because the spatial point & = x" at t"~! belongs to

material point at time "7 !': @
the phase A: Q, computing wjy ' is not directly possible. Thus, the ghost fluid method
computes ul(x") considering the corresponding past material coordinate ! using a time

increment at time t", Au", as follows:

wp(x”) = u Nz + Au . (6.102)

n
B

Figure 6.57: Ghost fluid method

An alternative but more generic approach to overcome this issue is the space-time formu-
lation described in Chapter 3. The Lagrangian-immersed FSI method using the space-time
XFEM is able to treat FSI and contact phenomena properly without using additional treat-

ments such as the ghost fluid method.
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6.7 Discussion

This chapter proposed the Lagrangian-immersed FSI method using the XFEM with a
time stepping scheme. In the Lagrangian-immersed FSI method, the solid and fluid phases
are defined by the Lagrangian and Eulerian descriptions, respectively. Meshes of the solid
and the fluid are spatially disconnected. FSI is computed between non-matching Lagrangian
and Eulerian interfaces using techniques from computational contact mechanics, such as
the master-slave concept, the node-to-surface pairing, and the gap equation. As the solid
phase is defined by the Lagrangian description, conventional contact formulations are directly
applicable to the FSI system and thus, the implementation of the contact formulation is
much easier than with the full-Eulerian FSI method. Interfaces in the Eulerian system
are defined by the level set projection method to capture the deformation of disconnected
solid structures correctly. By introducing the level set projection method into a monolithic
solution strategy for the FSI system, the update of geometry is automatically performed as
the solution converges. The point that no additional operation for the update of interfaces
is one advantage over the previous work of the FSI-contact problem of Mayer, Wall, et al.
(69, 70]. In addition, Nitsche’s method for non-matching interfaces is proposed. The weak
boundary conditions on an interface are satisfied without introducing Lagrange multipliers
used in [69, 70].

Steady-state FSI problems with large deformations were computed by the Lagrangian-
immersed FSI method and the XFEM. There is no limitation on the deformation of the solid
structures as the ALE-FSI method has. As a preliminary study for FSI-contact problems,
a transient contact problem was also computed based on the stabilized Lagrange multiplier
method [75]. Transient multibody contact phenomena were successfully computed by the
XFEM and the conservation of the momentum was verified under the multibody contact.
Finally, a transient multibody FSI-contact problem was studied. The Lagrangian-immersed

F'SI method was able to predict the response of a complex FSI-contact system without lim-
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itation on large deformation as the ALE-FSI method has. The drawback of the transient
analysis of the Lagrangian-immersed FSI method using the XFEM with a time stepping
scheme is the presence of numerical interpolation errors due to moving interfaces as dis-
cussed in Section 6.6.4. Therefore, the proposed Lagrangian-immersed FSI method should
be combined with the space-time XFEM to achieve stable and robust FSI-contact problem.
The next chapter (Chapter 7) discusses the Lagrangian-immersed FSI method using the

space-time XFEM, as an appropriate and efficient computational method for FSI-contact

problems.
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Chapter 7

Lagrangian-Immersed FSI Method using Space-Time XFEM

7.1 Outline

The Lagrangian-immersed FSI method using the XFEM has the ability to handle si-
multaneously fluid-structure interaction (FSI) and contact (Chapter 6). The Lagrangian
description for the solid phase and the Eulerian description for the fluid phase, respectively.

However, the combination of the XFEM and the time stepping scheme approximates
incorrectly the time derivatives of the fluid velocities when moving interfaces exist because
of the phase change. One method to overcome this interpolation issue is to use the ghost-
fluid method (Fedkiw et al. [37], Hong et al. [38], Liu et al. [39] and Naguyen et al. [40]) and
this method is used in the previous work for FSI-contact problems; XFEM based fixed-grid
approach for the FSI (Wall et al. [69], Mayer et al. [70]). The ghost-fluid method is a mixed
formulation considering both the Eulerian fixed points and the Lagrangian material points
to correctly interpolate in time state variables when the phase changes occurs due to moving
interfaces.

A more generic approach to overcome this issue is the space-time formulation described
in Chapter 3. As the phase change due to a moving interface is considered in a space-time
slab using the space-time XFEM, the Lagrangian-immersed FSI method using the space-
time XFEM is able to treat FSI and contact phenomena properly without using additional
operations like the ghost fluid method.

This chapter describes the finite element discretization and the numerical implementation
of the Lagrangian-immersed FSI method using the space-time XFEM, and its applications to

FSI-contact problems. The strong form of governing equations is identical to the Lagrangian-
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immersed FSI method using the XFEM summarized in Sections 6.2 and 6.3.

In this chapter, the notations of volume and interface of a space-time slab are () and P
respectively; see Chapter 3. Table 7.1 summarizes the notation of volumes and boundaries
of a space-time slab. In general, a space-time volume () is subdivided into thin slabs, which
are denoted by Q™ with the time interval 7" =|¢", t"*1[. The discontinuous Galerkin method
is applied in the temporal direction. Figure 7.1 shows a space-time volume and interfaces in
a space-time slab @". As the discontinuous Galerkin method is used in time, ™ does not

tn+1

contain time t" and and its lower and upper temporal bounds are denoted as t'} and

t"*! which deviate from #* and ¢"*! by an infinitesimal value §:

th=tt+s, =t -4 (7.1)

The Interface P in this slab Q™ is denoted by P". P"™"" and P}’ denote boundaries on

the upper temporal bound ¢"** and lower temporal bound t for the phase p. P, denotes

an interface in a snace-time slah Q™.

t Volume t Boundary
e
I’ ‘\
I’ \\\
"'l ‘\\‘s R
tTl+1 4 ,"
5\ ’I
\\\\‘ "”
e —Q n,B
’lt"\\\~ L Q n,A
i S
"" “\\} i
e
N\
~~“\ a"'x
y \s\‘r
n — n fn+1
Qn — Qn,A U Qn,B

Figure 7.1: Definition of volume and interfaces in a space-time slab (phase A and B)

The organization of this chapter is as follows: Section 7.2 summarizes the finite element

discretizationof the Lagrangian-immersed FSI method using the space-time XFEM. Section
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Table 7.1: Notation of volume and boundary

’ H Spatial Domain ‘ Space-Time Slab ‘
Volume Q, df2 R=QeT, dQ = dQdt
Boundary I', dI' P=TaT, dP =dl'dt

7.3 discusses the integration scheme for the space-time XFEM, including space-time FSI
and contact. The level set projection for the space-time XFEM is presented. In Section
7.4, three numerical examples are studied. The fluid phase is modeled by the incompressible
Navier-Stokes (INS) equations. Finite strains and the plane strain assumption are considered
in the solid phase. The first numerical example is a falling circular cylinder due to a body
force in the FSI system. This benchmark problem is a transient FSI analysis with large
solid deformation, which is difficult to analyze with the conventional ALE-FSI method.
The second numerical example is a well-known transient FSI benchmark problem, named as
Turek-Hron FSI3 benchmark problem proposed by Turek and Hron [111]. The final numerical
example is a transient multibody FSI-contact problem using the space-time XFEM. This
problem is identical to the numerical example described in Section 6.6.4. This chapter will
show that the proposed space-time XFEM allows for a stable and robust FSI-contact analysis

without interpolation errors due to moving interfaces.

7.2 Finite Element Discretization of Lagrangian-Immersed FSI Method using

Space-Time XFEM

This section summarizes the finite element discretization of the FSI-contact problem
based on the Lagrangian-immersed FSI method using the space-time XFEM. This section
assumes spatially two-dimensional cases and the plain strain case. The entire spatial domain
() is the union of the Fulerian and Lagrangian system: 2 = Qg U}, and discretized spatially
by bilinear QUAD4 elements. The finite element discretization is also applied to the temporal

domain T'. The temporal domain is discretized by linear elements. Therefore, the space-time
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domain Q: @ = Q@ T is discretized by trilinear HEXAS space-time elements. Given a trial

function space S" and an admissible test function space V" defined in a space-time domain:

Trial functions: {Us,vs, U e St {v!,p/, ¢} € S", (7.2)

Test functions: {(6U*, 6V, 60U e Vi {svf,6pT 69} € V!, (7.3)

where a lower subscript 0 denote a space in the initial configuration. The variational form
of FSI-contact problems using the compressible material constitutive law for the solid phase

is as follows:

RE (SU*{U*, VYY) + R 0V {U*, V*}) + RLSUL{U*, UYD) + RE(0U*; U?)
+ R ({60!, 6pT}; {v! p'}) + Ry (093 {6, D))
+ RfLSi(éUS; {U°, V>, vf,pf}) + fx’fESi({(S'vf, 5pf}; {U°,v~, vf,pf})

+ REP({0U*, 6V, 06U {U*, Ve, U + RY ({6v”, 6p' }; {v/ . p'}) =0, (7.4)

where R denotes a weak form for the space-time XFEM. While the weak form for the XFEM
is denoted by R in Section 6.4, a different symbol; R, is used for the space-time XFEM in
this chapter to emphasize the difference between weak forms of both the XFEM and the
space-time XFEM.

First, R, RS, and R? are defined in the undeformed Lagrangian space-time domain Qo
and on the corresponding undeformed Lagrangian space-time interface P ; ., based on the
total Lagrangian formulation. R?, and RS, are the variational forms of the solid momentum
equation (6.7) and the displacement-velocity relationship (6.8) in the solid phase of the initial
space-time configuration Q%,. The test function associated with RS, RS, and R% are U,

6V and dU? respectively. The detailed forms of R?,, RS, and R? are defined as follows:

an:/
Q@

[ ansulev. (75)
prs

LO+

ot 0X,

n,s
Lo

oV osU*
dQ 5Ufps( —+ oV - Bf) + / dQ —113,(U”)
iy
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dQ oV S(a{; V) + / dQ 5V | p’[USTL - (7.6)
L0+

ézﬁ/
Qs

The last terms in (7.5) and (7.6) are additional terms derived from the discontinuous Galerkin

n,s
LO

method in time.

Second, Rﬁ is the variational form of the governing equation in the undeformed dummy
displacement domain Qg’d, based on the total Lagrangian formulation. Based on the Helmholtz
smoothing method, the Helmholtz equation (6.9) for the dummy displacement outside of the
solid phase Qpo and the continuity condition of U and U? (6.10) on the undeformed La-

grangian space-time interface F, ;. based on Nitsche’s penalty method are included in this

weak form:
B 5 d d
= [ QST [ sutp
Qs TOXs " Jay
d daUzd 77d d d d(rrs d
-/ dPaUmaX o+ [ AP sUis U, (1)
LO-int LO-int

where n? is the Nitsche penalty factor for the continuity of the displacements within the
Lagrangian system. 7., is the undeformed space-time outward normal from the dummy
displacement domain Qg’d. As a spatially two-dimensional case is assumed, 7¢,; has three
components (two spatial directions: x,y and one temporal direction: t). However, the tem-
poral component of the undeformed space-time normal is zero because a space-time interface
is always perpendicular to the spatial domain when the total Lagrangian formulation is used

(Figure 7.2):

Undeformed Spatial Normal: nfy = (nfoe nioy)" (7.8)

Undeformed Space-Time Normal: nto = (nfo.: nigys 0)' (7.9)

Based on the dummy solid method described in Section 6.2.2, the dummy momentum

equation (6.11) and the dummy displacement-velocity relationship (6.12) determine R, using
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the one-sided Nitsche method as follows:

B
Ri-[
Qo

v
Q!

_ /P 4P §TI i (UF — US) + /P aP SU(US — UY)

ot

oV
dQ sUp? | =2

d
dyd _ Bf) +/ aQ kil =11E,(UY)
Qry
d
10 W‘i(aai V) _ / AP SUSIL, s
P

n
LO-int

I”}O—int I”}O—int
+/ 2 sU | p [V +/ 2 sV p UL (7.10)
Pigs Pyt

where {-} denotes a weighted average and the representative strategies for the weighting is
described in Section 5.5.2. The parameters of the dummy displacement bed based on the
dummy solid method are identical to the actual solid domain Q| except for the body force
(the body force in Qs is 0). The last line of (7.10) show the correction terms due to the
discontinuous Galerkin method in time.

Third, Ri denotes the variational form of the stabilized Lagrange multiplier method
for contact, which is an interface integral between two different solid bodies in Q}. RS is

evaluated on the interface of the master body in the initial configuration PJ:

(¢

R :/ dP §g°\° (7.11)

where dg° is the variation of the normal gap in the initial Lagrangian system. \° is governed

by the following equation based on the stabilized Lagrange multiplier method (Section 6.2.4):
RS :/ dP X’ — X0 — 4.¢°) =0, (7.12)

the definition of \° is (6.27). The numerical implementation of this contact formulation for
the space-time XFEM; (7.11) and (7.12), is summarized in Section 7.3.5.

Fourth, R/, and R, are defined in the Eulerian space-time slab Q% and on the corre-

m’

sponding space-time interface Py, ., in the initial configuration. R/ is the variational form

of a volume contribution of the fluid momentum equation (6.2) and the continuity equation
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(6.3) in the fluid phase of the current configuration ng :

. ov; ov; ov!
f_ fof o f F9Y%
R, /%,fdQ(;”p(atJWax b,>+/andQ m of;(v ,p)Jr/Qg dQ op’ 5

osv! 1 00pS 85f8v
+Z/ dQT,f;(v{ LA p)f{+2/ dQ 2%

ot Qn 0x; pl Ox; =« Jons Te ox; 895]
E

+ / L d9 ool [ p ol T2 . (7.13)
Pn

E+
The last line of (7.13) shows the correction term due to the discontinuous Galerkin method

I

in time. 77/ in (7.13) is a scalar residual of the momentum equation of the incompressible

Navier-Stokes equations:

v’ ovl Aol (vl p
ff:pfi fo 9% J< p>_pszf_

@ ot 7Y o, D (7.14)
In (7.13), the terms in the first line are the standard Galerkin terms, the terms in the second
line are the convection and incompressibility stabilization terms. Here, the residual-based
variational multiscale (VMS) method is used to suppress the numerical instability due to
the convection and incompressibility of the INS fluid. 7 and 7/ denote the elementwise

stabilization parameters of the VMS method, defined in (6.47) and (6.48). The stabilized

s
fluid residual denoted in (7.13) does not include 82:" term in the stabilized test function and

thus, it is identical to the stabilized fluid residual using the XFEM with an time stepping
scheme introduced in Section 6.4. This form is called as the WTSE option (Ow/0t term is
excluded; w = 6v! in (7.13)) proposed by Tezduyar et al. [87].

R¢ is the variational form of the level set projection using the weighted projection method

(6.35):

Ro= [ aQaor@)o-a). (7.15)

This projection is performed in the entire Eulerian space-time slab Q to capture the motion
of the interface in the fluid domain. The detailed numerical implementation of the level set

projection method for the space-time XFEM is summarized in Section 7.3.6.
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R and R are the interface contributions of the solid and fluid momentum equations;
(6.7) and (6.2), enforced with Nitsche’s method. The master-slave concept used in the
Lagrangian-immersed FSI method using the XFEM can be directly applied to the FSI in-
terface integral for the space-time XFEM. The master interface is the Eulerian space-time
interface P, . and the slave interface is the deformed Lagrangian space-time interface P, .
Therefore, the interface integrals of FSI are performed on the Eulerian space-time interface

Pz .. RS is the FSI contribution from the Lagrangian interface P, . and RS is the FSI

contribution for the Eulerian interface Py ;. in the current configuration:

== [ apsuroeisy ¢ [P ousB ], ). )
Eint PEine o
Ry =/ dP §v{o};} ity —/ apr 05(5"’f’5pf)ﬁsE?f(ViS}Pﬁfqi )
P IZ]L—int P}El'int ‘
— dP 51}{77@(‘71-5’]3” =) (7.17)
P]g—int o

Here, {0;;}si is the weighted average of the Cauchy stress of solid and fluid phase defined
in (6.52). In this research, the modulus weighting defined in (6.53) is used. As the current
configuration is used for these FSI contribution, the deformed space-time normal of the

I are used ain (7.16)

Lagrangian interface 'ﬁi?f and the one of the Eulerian interface 7y,
and (7.17). In this case, the temporal component of these normals is non-zero because
interfaces in the deformed configuration is tilting at the interface moves. Details of the
numerical implementation of these FSI integrals are summarized in Section 7.3.4. Equations
(7.16) and (7.17) are extensions of Nitsche’s method using the XFEM defined by (6.50) and
(6.51) with spatial interface integrals being converted into space-time interface integrals.
Detailed discussions of the FSI interface integrals in the Lagrangian-immersed FSI method
are summarized in Appendix C.

Finally, R and R are the weak forms of the face-oriented ghost-penalty method. The

face-oriented ghost-penalty method for the space-time XFEM is simply an extension of the
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integrals on a spatial interface I' to integrals on a space-time interface P.

R{P =RE%.(6V* V®) + Rip,. (0U* U*) + REL,(SU%UY) | (7.18)

LUd

RE =RE, (00 0") + R, (09":07) (7.19)

The face-oriented ghost-penalty method for the Lagrangian system Q)f is computed based

on the total Lagrangian formulation on the undeformed Lagrangian space-time face Py, .

~ OOV ovy?

rey = [ ar |55 g | ] e (7.20)
Tep0 L 0Z; 1y, 07k 1l gp

= Il 8(5UZS T ~ s ~

R~ [ ar i I i (721
Lgp0 - - gp

Tosus] ~

Rija = / ap 7, 50, [ depnFox - (7.22)

Lgpo L dgp

where [-]¢, means the jump operator for the face-oriented ghost-penalty method between two
adjacent space-time elements Q7,, and Q7y., (QTo, € QLo QToe, € Qo). A generalized
undeformed coordinate Z includes the initial configuration X and the time t; Z = (X, 1).
n%h; is the undeformed space-time normal of the faces for the face-oriented ghost-penalty
method. As (7.22) is based on the initial configuration, faces for the ghost-penalty method
is perpendicular to the spatial domain. Thus, 7%}, is parallel to the spatial domain and
thus, the temporal component 7%}, is zero. Details are summarized in Section 7.3.3. The

face-oriented ghost-penalty method for the Eulerian system @)% is computed in the current

configuration on the face of the Eulerian space-time element P :

Legp-
N asv! ov!
re ooy = [ ap | e |S] (723
B Bep 0z; gp ’ Dz gp
- a(gpf ~ apf R
r )= [ ar |90 a9 (724
Egp v Ugp J U gp

The definition of the penalty factors in (7.20) - (7.24) is identical to the settings using the

XFEM and the time stepping scheme; see (6.65) - (6.69).
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7.3 Numerical Implementation

This section focuses on the numerical implementation of the finite element discretization
for the Lagrangian-immersed FSI method using the space-time XFEM described above. This
section also assumes spatially tow-dimensional cases and the plane strain model. For the
fundamental concept and implementation of the space-time XFEM, the reader is referred to

Chapter 3.

7.3.1 Space-Time Slab for Lagrangian-Immersed FSI Method

In the Lagrangian-immersed FSI method using the XFEM and the time stepping scheme
(Chapter 6), solid and fluid domains are spatially separate into different systems; the La-
grangian spatial domain €2p, and the Eulerian spatial domain 0g. Similarly, the Lagrangian-
immersed FSI method using the space-time XFEM uses separate space-time slabs; the La-
grangian space-time slab Q7 and the Eulerian space-time slab @Qf defined between ¢ and
"1, Figure 7.2 shows an undeformed Lagrangian space-time slab QF, and Q% along with
the summary of notation for volumes and interfaces assuming a two-phase case (phase 1 and
2). Pl s an undeformed Lagrangian interface that is always perpendicular to the spatial

domain (z-y plane) in the initial configuration. The elementwise temporal layer approach is

applied to both the undeformed Lagrangian and Eulerian slabs: Qf, and Qp.

7.3.2 Integration Schemes for Volume and Standard Interface

Volume integration points in Qf, and Q) are set in each temporal slice defined by the
elementwise temporal layer approach. On standard interfaces (matching interfaces), which
is used for the standard boundary integral within one space-time slab, its integration points
are defined independently from temporal layers. A detailed discussion of the setting of
integration points and corresponding weights in the volume and on the standard interfaces

is summarized in Sections 3.4.2 and 3.4.3.
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Undeformed Lagrangian Slab Eulerian Slab

n,1 n,2 _ Aani n,2
Qlo = Qup Y QL Qf = Qg U Qg

n+1

Figure 7.2: Lagrangian and Eulerian space-time slabs

7.3.3 Integration Schemes for Face-Oriented Ghost-Penalty Method

Integration points for the face-oriented ghost-penalty method using the space-time XFEM

n

are defined on the faces of intersected space-time elements. P, is the face of a space-time

intersected element in the undeformed Lagrangian slab. P, is the face of a space-time

Egp
intersected element in the Eulerian slab. Figure 7.3 shows an example of integration points
for the face-oriented ghost-penalty method between two adjacent space-time elements. A

detailed discussion about the face-oriented ghost-penalty method for the space-time XFEM

is summarized in Section 3.4.4.

7.3.4 Pairing of Integration Points on Non-Matching Space-Time Interfaces for

FSI

The Lagrangian-immersed FSI method integrates the weak form of the coupling condi-
tions over non-matching interfaces for FSI. In the Lagrangian-immersed FSI method using

the XFEM with a time stepping scheme discussed in Chapter 6, the master-slave concept is
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Gauss Points for Ghost-Penalty (Element 1) Gauss Points for Ghost-Penalty (Element 2)

~
X 50, X
0.1503  0.205 0.1503  0.2187

Figure 7.3: Space-time integration points for face-oriented ghost-penalty stabilization

applied. The Eulerian interface ['g is the master side and the deformed Lagrangian interface
'y, is the slave side. The node-to-surface (NTS) pairing is used to define pairs of integration
points on separate interfaces for FSI and the following gap equation governs the location of
the pairs of the master (Eulerian) integration point &g and the slave (Lagrangian) integration

point xy, = X + U;:
T + gnnei(¢r) — Xvi — U (X1) =0, (7.25)

where ng is the Eulerian spatial normal and this NTS pairing is performed in the current
configuration (between spatial interfaces; I'y and I'r,). The master-slave concept and the
NTS pairing are applied to the FSI interface integrals between non-matching space-time
interfaces: the Eulerian space-time interface Py ; , and the deformed Lagrangian space-time

interface P, . As the traction boundary condition and the continuity condition of velocity

int
are purely spatial conditions and instantaneous in time, the NTS pairing of the master and
slave integration points for the space-time XFEM is performed by the same manner as the
one for the XFEM with a time stepping scheme. Hence, (7.25) can be directly used in
the space-time XFEM. The normal in the NTS pairing condition (7.25) for the space-time

XFEM should be the Eulerian spatial normal ng, not the Eulerian space-time normal ng

which contains not only spatial components but also temporal component.
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Figure 7.4 shows an example of the NTS pairing of integration points on non-matching
interfaces Py, and ;. at an intermediate step of the Newton iteration. This figure
assumes the case of a spatially circular Lagrangian structure surrounded by the Fulerian
fluid. The cylinder moves to downward in y direction due to a body force. First, the
intersections are detected and the Delaunay triangulation is performed in both interfaces;
Pg .. and B, .. Blue lines show the triangulation of the Eulerian space-time interface and
red lines show the triangulation of the deformed Lagrangian space-time interface. As this
figure is at an intermediate step (larger than 1 step) of the Newton iteration, both interfaces
are tilting in time due to the motion of the deformed solid structure. Then, the master
integration points on the Eulerian interface P, . are defined on each Delaunay triangle
by the quadrature rule and represented by blue circles in Figure 7.4. Finally, the NTS
paring is performed for each master (Eulerian) integration point onto a corresponding slave

(Lagrangian) integrations point. The slave integration points on the Lagrangian interface

Py, are represented by red asterisks in Figure 7.4.

o
*
04—
O Eulerian
0.38 —|
(master)
0.36 —| /
% Lagrangian
4 (slave) o)
0.32 — b 3
t 03— —
|
028 —| L
0.26 —
0.24 — 2.5
0.22 — 2
02— 15

8.6 8.4 82

8 78 76

Figure 7.4: Node-to-surface (NTS) pairing between non-matching space-time interfaces
(o: master (Eulerian) integration points, *: slave (Lagrangian) integration points)
(intermediate step of the Newton iteration)
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7.3.5 Contact Formulation for Space-Time XFEM

The stabilized Lagrange multiplier method is used to weakly enforce frictionless contact
in this research. As Section 7.2 describes, the weak form of the stabilized Lagrange multiplier

method for the space-time XFEM is as follows:

(¢

R = / dP 52\ (7.26)
P’I’L

c0

R; = / dP SX° (N0 — N0 — 4.°) . (7.27)
P’n

c0

These equations are extensions of the stabilized Lagrange multiplier method using the XFEM
with a spatial contact interface I'¢g being converted into the space-time contact interface Py.
The key point of the space-time contact formulation is the integration scheme between space-
time contact interfaces. The contact condition is enforced between two Lagrangian space-

time interfaces in the initial configuration. PZ  is the master (Lagrangian) space-time

c0-m

contact interface in the initial configuration and equivalent to the notation of P}, which is

actually used for the integrals of the contact formulation. P . is the slave (Lagrangian)

c0-s

space-time contact interface in the initial configuration. Figure 7.5 shows the master and

slave space-time elements, and their contact interfaces; PJ, . and PY ..

(@) co-m = Pco (b)
i i n
i i c0-s

t t
e B — S| -

Y ”’/ \ /Y
X X

Figure 7.5: Space-time contact interfaces (undeformed configuration)
(a). master space-time element, (b). slave space-time element
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While the contact integrals (7.26) and (7.27) are evaluated in the initial configuration,
the evaluation of the contact condition is performed in the current configuration. Figure
7.6 shows an image of contact interfaces in the current configuration. In Figure 7.6, two
Lagrangian interfaces are separate at the lower bound in time; 7, and penetrate each other

at the upper bound in time; t"*1.

ey

Figure 7.6: Space-time contact interfaces (deformed configuration)
(before performing contact formulation)

The purpose of the contact formulation is obviously to avoid the penetration of contact
interfaces. As state variables are defined at the lower temporal bound ¢} and the upper
tn+1

temporal bound ¢"!, the penetration at t and must be avoided. Therefore, the setting

of integration points for space-time contact is the key to suppress penetration at ¢’} and AR
Figure 7.7 is a comparison of two settings of integration points for the space-time contact
formulation. Black circles represent integration points for the space-time contact formulation.
In Figure 7.7 (a), the integration points are placed like the FSI interface integrals described
in Section 7.3.4. In this case, the integration points are located between ¢’ and t"*1 The
contact condition is evaluated on these points and thus, the perfect condition of the contact
formulation is not guaranteed at " and t"*! because there is no evaluation point on lines

of ¢} and t"*1. On the other hand, the placement in Figure 7.7 (b) is a setting like the

standard spatial contact formulation used in the XFEM. The integration points are located
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only on the upper and lower bound in time: ¢} and any

(a) (b)

------- oo "
¢ o o |Fbm At/2
e o o J
- At/2

Figure 7.7: Setting of integration points for space-time contact (master interface P4, )
(a). Setting like FSI interface integral, (b). Setting like standard contact formulation

An additional benefit of Figure 7.7 (b) is that the conventional contact formulation used
in the standard XFEM is directly applicable to the space-time XFEM. Contact integrals
at ¢ and t"*! can be computed independently. Thus, (7.26) is described by only spatial
boundary integrals in this case, even if when the space-time XFEM is used:

RS = / dP 5g°\°
Pn

c0
n+1

(2
= / dt / dl 6g°\°
ti I'co
At At
~— dl 6go\° + — / dl 5g° \° (7.28)
2 T 2 Fn+1
cO+ c0-
A A
At dl 5g2\Y + ot dT 6g° A9 . (7.29)
2 n 2 n+1
FC0+ FCO—

The weak form for contact ffj is simplified like (7.28) as the summation of spatial boundary
integrals on I'", and ' which indicate spatial contact interfaces at ¢ and ¢"*', respec-
tively (lower and upper lines of Figure 7.7 (b)). As the contact integrals are computed based

on the total Lagrangian formulation, i.e. the initial configuration, the space-time contact
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interfaces Pl = P}

b are always perpendicular to the spatial domain. Hence, temporal and

spatial integrals can be divided explicitly as shown in (7.28). In (7.29), different Lagrange
multipliers are introduced at ¢ and ¢"*'. \? and \J are Lagrange multipliers of the stabi-
lized Lagrangian contact formulation at 7} and "1, respectively. Each integral of (7.29)
is identical to the stabilized Lagrangian multiplier method for contact using the standard
XFEM. In addition, the way to detect slave integration points based on the master-slave
concept is also identical to the method for the XFEM described in Section 6.2.4.

To compute (7.29), the constraint equation of the stabilized Lagrange multiplier method

(7.27) is split into two integrals at ¢ and ¢"*' using two Lagrange multipliers A and A3:

- At -
5 =2 / dr AN — X0 — 7.g2) | (7.30)
2 Jrn,
_ At 5
, =2 / AT 5XY00 — 30— 7u0) | (7.31)
2 Jrgt

where 5\(1) and ;\g are weighted averages of the surface traction along the normal direction at
% and t"*1 respectively. The definitions of ;\(1) and 5\3 are identical to the one for the spatial
contact formulation (6.27).

The space-time contact formulation based on the stabilized Lagrange multiplier method
by (7.32) - (7.34) and Figure 7.8. The Detailed discussions in terms of the stabilized Lagrange

multiplier method for the XFEM with a time stepping scheme are described in Appendix D:

- At At
R =~ dl 690\ + > dl 6g°\S (7.32)
o+ et
. At ~
By =5 [ dU XY =X = %gn) (7.33)
e
. At -
D = —/ dT 6A3(A5 — A3 = 7edn) - (7.34)
2 F?OJ_rl
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(a) c0-m = Pl () c0—s

U s AU

Rabhh EEEEEES EEt EEEEEES REEEEEEEEEEEEEEEE & REEEl
Y ”’,/ ‘\O\o\o\__/y

X X

Figure 7.8: Space-time contact interfaces and integration points (undeformed configuration)
(a). Master space-time element, (b). Slave space-time element
(e: Master integration points, o: Slave integration points)

7.3.6 Level Set Projection for Space-Time XFEM

This section presents the numerical implementation of the level set projection method for
the space-time XFEM. The original variational form of the level set function is as follows:
Ro= [ dQoos(@)6-9). (7.35)
Qr
where ¢ is the level set function in the Eulerian space-time slab Q%, ® is the level set function
in the deformed configuration of the Lagrangian space-time slab Qf and f (<i>) is a weighting
function defined in (6.34).

Figure 7.9 illustrates the procedure of the level set projection method for the space-
time XFEM. The red interface represents a Lagrangian interface in a Lagrangian space-
time element. The blue interface represents an Eulerian interface in an Eulerian space-time
element. These interfaces are implicitly defined by the nodal level set functions of the space-
time elements. The deformed Lagrangian element is mapped from Qf,, to Qr., and the level
set projection is performed onto the Eulerian element Q..

In this research, the level set function at #7 in both the Lagrangian and Eulerian slabs

is-fixed,-and-the level set-projection is performed only for ™. There are two reasons for
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(a) Qe (b) QL (0) Qge

Projection

Figure 7.9: Level set projection for space-time XFEM
(a) Undeformed Lagrangian space-time element Q7
(b) Deformed Lagrangian space-time element Qf,
c¢) Eulerian space-time element Q},
this approach. The main reason is related to the correction terms due to the discontinuous

Galerkin method in time; see, for example; the last terms of (7.5) and (7.6), or the last lines

of (7.10) and (7.13):

e.g. in (7.13); / , dQ 5vf|1pf[[vlf]]i = / , dQ (51}{|pr (vzf}i - vlfri) ) (7.36)
Py, Pgy

i
where [-]1 is the jump operator between ¢ and ¢”. In the discontinuous Galerkin method,
state variables at the current space-time slab Q™ and the past space-time slab Q™! are
discontinuous, but the continuity of state variables between t! in Q" and ¢" in Q"' is
enforced weakly through a correction term, such as (7.36). This term is an integral over the
bottom face of the current space-time slab. To compute (7.36), the geometry at " and ™
should be identical and thus, the level set function at ¢’ in both the Lagrangian and Eulerian
slabs is fixed as the level set function at t* computed at the past space-time slab Q" !. The
second reason to fix the level set function at ¢’} is that the linear interpolation along time is
used for the level set function in the proposed space-time XFEM; see Chapter 3. Thereby,
even if the level set function at ¢’} in both the Lagrangian and Eulerian slabs is fixed and
the level set projection is performed only on the slice at ", the space-time interfaces are

accurately created under the assumption of the linear interpolation along time.

The integration points for the level set projection method in the space-time XFEM are
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distributed only on the spatial domain at "™'. The spatial domain at t"** in an Eulerian slab

n and a deformed Lagrangian slab QF are denoted as Pat and P! respectively. Figure
7.10 illustrates the level set projection for the space-time XFEM. The level set projection
method is only performed on green faces; i.e. spatial domains at ¢"*; (Pa*' and P/'1).
Figure 7.11 is the detailed procedure of the level set projection method for the space-time
XFEM in this research. The associated governing equation (7.35) is rewritten as an integral
in the Eulerian spatial volume Pat' as follows:

Ry = At /P A0 (D) (¢ — D) . (7.37)

E-

Another approach to compute the level set projection is the procedure similar to the
contact formulation described in Section 7.3.5. In this case, the level set projection is per-
formed at the upper and lower bounds. To guarantee the continuity of the level set function
across space-time slabs, an additional treatment such as Nitsche’s method is needed for its
continuity condition. While this approach is not tested, a strong penalty factor might be
needed when Nitsche’s method is used. This is because the computation of (7.36) needs

consistent spatial geometries between ¢? and ¢".

Qlle QFe

Projection

tn—l—l

Figure 7.10: Level set projection performed at
(green faces: spatial domain at t"™1 o: Eulerian integration points)
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Step1: Detect a pair of Eulerian spatial domain at t**1: PF** and
overlapping (deformed) Lagrangian spatial domain at t?*1: p/**1

n+1
PE—e
Y
. n+1
Nt PL—e
Lo
\\
\\
A Y
deformed
configuration
Step2: Set Gauss points on PF*!
n+1
PE—e
N i+l n+1
s [T P
. \\\ . L—e
\\

o O (\3‘
N
/

A A A

Step3: Perform the level set projection from P/*** onto Pf*?

Determine Eulerian spatial interface at t?*1: [Z-1

n+1
Pf}_-l-el PE—e

Y
AN \\
@ \\ 0] A @ @
\\ ) \\\
‘(\) Projection S
S
. . A l"n+1 . . O ~ l"nj'l

Figure 7.11: Procedure of level set projection for space-time XFEM
(colored circle: active integration points, A: inactive integration points)
(dashed lines: spatial interfaces at ")
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7.3.7 Structure of Dynamic Jacobian

The Jacobian (tangential stiffness) corresponding to the weak form (7.4) of the Lagrangian-
immersed FSI method using the space-time XFEM is summarized subsequently. The global

Jacobian J is decomposed into four block Jacobians as follows:

N » Jr o gntt
J = 8—}? =1 " " , (7.38)

ou n Jn+1

n+1 n+1

where @ is the vector of all state variables including information at ¢’ and "1 In each block
Jacobian J°, rows of J® mean state variables at t* and columns of J® mean state variables at
t*. In the following discussion, contributions of the face-oriented ghost-penalty method are
not shown.

The structure of a diagonal block Jacobian J is shown in Figure 7.12 (¢} ® t7}). As
the level set projection is only performed at the upper bound t"*! and ¢ is fixed at t, the

contribution of ¢: Ry is omitted in J7.

Column (nodal values at t¥)

'Uf pf Vs Us Ud ¢
Row — . — e S .

@ | | 2R, ORE ORy,  ORE'|  ORY ORE! o | o
p' | gvf " auf | 3pF ' op’ ovs aUs

vs 0 0 O3 IR 0 0
Vs aUs

Jn= (| ome | RS o ome|om or omE| o |,

ovf opf avs ' avs | dUs ' oUS ' QUS
U 0 0 0 oR; oR{ 0
aUs aud
¢ 0 0 0 0 0 0

Figure 7.12: Broad structure of diagonal block Jacobian (J): ¢} ® %)

n

JI't! is another diagonal block Jacobian at time "™ (¢t"*! @ t"*'). Figure 7.13 shows
the structure of J;‘jfll In this block Jacobian, contributions of the level set function ¢ (blue

and red terms) exist. Like the Lagrangian-immersed FSI method using the XFEM (Section
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6.5.1), the post level set projection is also applied when the norm of the residual relative
to the initial residual is larger than 10~!. Blue terms are omitted when the post level set

projection is applied like Section 6.5.2.

Column (nodal values at ¢"*1)

vl pf Vs Us v ¢
Row —_ s — e e . — —
@y |V aR{n+aR,§Sl aan_l_aR,f,:S' OR®S ORS! 0 oR/, ORS
P’ | au T ous | op7 " opf avs auUs ¢ ' 9¢
Vs 0 0 ORy L 0 0
avs aus
n+1 _ o po — = — — —
n+l — |ys oR[ oRp oRS, RS | oRs, aRg+aR{51 0 RIS
ov/ op/ avs ~ avs | aUs  aUs  oUs ¢
pd pd
ud 0 0 0 IRy Ry 0
aus au?
¢ 0 0 0 ORy ORy | Ry
aUs ou? E)

Figure 7.13: Broad structure of diagonal block Jacobian (J)'f]: "t @ ¢"+1)

Figure 7.14 shows the structure of an off-diagonal block Jacobian J@*! (1 @¢"*1). As the
level set function is variable only at "™ and the contact formulation R? is only defined on
diagonal block Jacobians based on (7.29), J"™! has simple structure. Another off-diagonal

block Jacobian J,; (#"7' @ ¢") also has similar structure like Figure 7.14.

Column (nodal values at t**1)

v/ pf Ve Us vé | @
Row — o — o . — .
ar | V| 9R% L R}, L IR o | o
p’ | ouf T Gur | apf T apf avs aus
Vs 0 0 OR3y IR 0 0
Vs aUs
n+1 = Bisi aﬁfsi DS Bfsi DS Bfsi
n Us 3RL L aRm n aRL aRm n 6RL 0 0
ovf apS avs = avs aUs ' auUs
Dd Dd
Ue 0 0 0 ORy oR. |
aUs U
® 0 0 0 0 0 0

Figure 7.14: Broad structure of off-diagonal block Jacobian (J+!: " @ ¢"*1)
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7.4 Numerical Examples

This section studies numerical examples of the Lagrangian-immersed FSI method using
the space-time XFEM. These are spatially two-dimensional transient FSI problems. The
fluid phase is modeled by the incompressible Navier-Stokes (INS) equations. In the solid
phase, the plane strain case is assumed. The first numerical example is a falling circular
cylinder due to a body force surrounded by fluid. This example demonstrates the stability
and accuracy of the Lagrangian-immersed FSI method using the space-time XFEM in the
presence of large deformations. The second numerical example is the well-known Turek-Hron
F'SI3 benchmark problem proposed by Turek and Hron [111]. This example demonstrates the
applicability of the proposed analysis method for problems with higher Reynolds number.
The third numerical example is a transient FSI-contact problem revising the fourth problem
of Section 6.6.4. The geometry and material parameters are the same as the one of the
problem in Section 6.6.4. This numerical example shows the ability to simulate multiphase
contact problems using the space-time formulation. In these numerical examples, following

materials are used:

St. Venant-Kirchhoff Material

1

W* =2 A (Te(B%))” + p Tr(E*2) (7.39)
ow

Sty =55 = NTe(E®)d1y + 21°E], (7.40)
OE3,

Neo-Hookean Material (Belytschko et al. [107])

W —%)\S (In(det F*))* + %,ﬁ (Te(C*) — 3) — i In(det F*) (7.41)
s ow s s s s—1 s
Sty =2 = (N In(det F*) — p°)C57' + 161 (7.42)
oCs,

Here, W*# is the hyperelastic function, F** is the deformation gradient tensor, C** is the right

Cauchy-Green tensor; C* = F*TF* E* is the Green-Lagrange strain tensor; E* = (C*—1)/2,
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and S” is the second Piola-Kirchhoff stress tensor. A\* and p® are the Lamé’s constants defined

as follows:
VS
p— E? 7.43
(14 v%)(1 —2v%) ’ ( )
1
S = — ¢ 7.44
W= it (7.44)

where E? is the Young’s modulus and v® is the Poisson’s ratio.

7.4.1 Falling Circular Cylinder due to Body Force

The first numerical example is a falling circular cylinder due to a body force immersed
in fluid. The cylinder has a radius of » = 0.509m and its centroid in the initial configuration
is at X. = (1.73,8.00)m. This cylinder is made by a compressible neo-Hookean material.
The body force is applied only in y-direction. Figures 7.15 and 7.16 show the undeformed
Lagrangian domain {21y and the Eulerian domain g, respectively. No-slip boundary condi-
tions are applied on the outer edges I'yoqip of Q2p. The two-dimensional circular cylinder is
immersed in g by the level set projection method and the Eulerian interface I'g is created.

The geometry and material parameters are summarized in Table 7.2.

X3+ L xh+ L
® ®

A AR
FﬁO noslip O Iy

level set
Qp — Qp
projection
,Ql
® DO .f—
1
X, Xo
Figure 7.15: Lagrangian system: )y Figure 7.16: Eulerian system: Qg
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Table 7.2: Geometrical and material parameters for falling cylinder

Domain Description

Parameter

Solid origin X!=1(0.8,7.07)m
system size L' = (1.87,1.87)m
centroid X!=(1.73,8)m
radius of cylinder R = 0.509m
density p® = 1000kg/m?
Young’s modulus E° = 1MPa
Poisson’s ratio v’ =04
artificial viscosity o = 0s™*
body force B = (0,—1)m/s?
initial velocity Vi =(0,—1)m/s

Fluid origin x = (0,0)m
system size L/ = (4,10)m
density p/ = 1000kg/m?
kinematic viscosity v/ = 1072m?/s
body force b’ = (0,0)m/s>

initial velocity

v/ random in [—-1075,107%]m/s

ini

The weak form of this example does not contain the contribution of the contact R::

R, (05U {U®, V*}) + R;, (6V*{U*, V*}) + R (U {U*, U%})
+ RI,({6v7, 6p7 }; {o! p'}) + Ry(6¢5 {0, D)

+ RM(US; {U*, Ve, v pf}) + RE({o0v!, 6p ) {U*, Ve, 0! p'))

+ R ({0U°,6V*, 6U '} {U, V*, U + R ({07, op'}: {v” p'}) = 0 .

Details of each residual are summarized in Section 7.2.

(7.45)

In this example, the Helmholtz

smoothing method (7.7) is used as the residual for the dummy displacement domain; R%, be-

cause the rigid body rotation of the cylinder is small. The penalty factors of Nitsche’s method

for the FST contributions; R and R Nitsche’s method for the dummy displacement do-

main in R? and the face-oriented ghost-penalty method in R¥ and RE are summarized in

Table 7.3.

Three temporal slices are defined in each temporal layer. Newton’s method with a direct

linear solver is used and the convergence criterion requires a drop of the norm of the residual
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Table 7.3: Penalty coefficients for falling cylinder using space-time XFEM

Method Penalty Coefficients

Nitsche’s method for FSI s = o ES of =0.1s/m

Nitsche’s method for dummy-displacement 7? = a?E*, a¢ = 20m™*

face-oriented ghost-penalty method af. = apy = oy = ayy = 0.05, o’y = 0.005

of 5 x 10~* relative to the norm of the initial residual.

Figures 7.17 - 7.21 give time histories of the simulation using the Lagrangian-immersed
FSI method with the space-time XFEM. The sizes of the spatial and temporal discretization
are h = 1/11m = 0.009m and At = 0.2/3s = 0.067s, respectively. Figures 7.17 and 7.18
are velocity distributions of the solid and fluid phase. The meshed region marks the solid
cylinder. Figures 7.19 and 7.20 shows the fluid pressure p/ and the fluid in-line effective
shear stress ¢/ defined by principal stresses: ¢/ = |of — ¢}|. Figure 7.21 shows the history
of the deformed Lagrangian system (2, colored by the displacement U} in x direction. The
yellow circles represent the Lagrangian interface and the region outside of this interface is
the dummy displacement domain 2p. Figures 6.54 - 6.56 in Section 6.6.4 show the results
of the same problem when the Lagrangian-immersed FSI method with the XFEM using and
time stepping scheme was used, using h = 1/11m and At = 0.2/3s. This approach diverged
due to the numerical interpolation errors and incorrect approximation of time derivatives
caused by the moving interface. On the other hand, the Lagrangian-immersed FSI using the

space-time XFEM predicts smooth state variable fields; no oscillations are observed.
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; v"x“" 0.3m/s IIII
LI |

Figure 7.17: History of v, (Lagrangian-immersed FSI using space-time XFEM)

05 UV, 05m/s

Figure 7.18: History of v, (Lagrangian-immersed FSI using space-time XFEM)
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i B

X =2m
S y
0 x 0.25m
Stepl6 Step32 Step47 Step62 Step80 Step95
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Figure 7.21: History of U (Lagrangian-immersed FSI using space-time XFEM)

The stability of the Lagrangian-immersed FSI method using the space-time XFEM is

remarkable especially when considering the distribution of the fluid force acting on the solid

cylinder. Figures 7.22 and 7.23 show the fluid forces F, and F, acting on the cylinder. Blue

lines represent the contributions of the fluid pressure and red lines represent the contributions

of the fluid velocity, respectively. Black lines represent the total fluid force, which is the

summation of blue and red lines. In each figure, the left column represents the XFEM with

a time stepping scheme, and the right column represents the space-time XFEM. Results

in the upper row use a larger time increment At = 0.2s (h = 1/11m). Results in the

lower row use a three times smaller time increment At = 0.2/3s. The bottom right graphs

correspond to Figures 7.17 - 7.19 (space-time XFEM using h = 1/11m and At = 0.2/3s).

The equivalence of the proposed space-time XFEM and the space-time XFEM based on the

simplex triangulation is demonstrated in Appendix F.
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(XFEM and space-time XFEM)

Figure 7.23: Comparison of F,, (XFEM and space-time XFEM)
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Focusing on the graphs in the left columns of Figures 7.22 and 7.23, F, and F}, computed
by the XFEM highly oscillate and the XFEM using finer time increment (At = 0.2/3s:
bottom left graph) even diverged. In particular, the oscillation of the contribution of the
fluid hydrostatic pressure (blue lines) is significantly larger. On the other hand, the space-
time XFEM (right column) does not suffer from the oscillations and no divergence at the
smaller time increment.

Figure 7.23 shows the comparison of F, using the XFEM and the space-time XFEM.
Focusing on the upper row (At = 0.2s and h = 1/11m), the general trends in both the
standard XFEM (left) and the space-time XFEM (right) are similar. However, the space-time
XFEM obtains a smoother distribution of F, than the XFEM. The difference between the
XFEM and the space-time XFEM is remarkable when a smaller time increment At = 0.2/3s
is used. The oscillations of F, computed by the XFEM using a smaller time increment
(bottom left graph) are larger than one of the XFEM using a larger time increment (top
left graph). This indicates that the spikes at the top left graph are caused by the temporal
interpolation error of the XFEM due to a moving interface. These spikes are not due to an
approximation error because of a overly coarse temporal discretization. On the other hand,
the space-time XFEM (right column) can get smoother distribution. However, there are some
spikes at the bottom right figure (space-time XFEM). These spikes are also observed when
the simplex triangulation approach is used for the space-time integration; see Appendix F.
Therefore, these spikes are not caused by the proposed elementwise temporal layer approach.
Other factors, such as the FSI coupling between non-matching interfaces, enforcing interface
conditions by Nitsche’s method or Lagrange multiplier method, and the fluid stabilization
methods, might cause these spikes.

Forces at non-matching interfaces shown in Figures 7.22 and 7.23 play an important role
in FSI. Figures 7.24 and 7.25 illustrate the momentum P, and P, in x and y direction of the

solid domain, the fluid domain and the total system. P, and P, are results of the FSI (force
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acting on non-matching interfaces) and transmitted between solid and fluid phase. In these
figures, red and blue lines indicate the momentum of the solid and fluid domain, respectively.
Black lines show the total momentum of the entire FSI system including both solid and fluid
phase. As the entire system is fixed, the total momentum should be zero in both x and y
direction. The columns in these figures correspond to the computational method (XFEM
or space-time XFEM) and the rows represent different time increments. The upper row is a
larger time increment At = 0.2s and the lower row is a finer time increment At = 0.2/3s.
The size of the spatial discretization is A = 1/11m.

Figure 7.24 shows the momentum P, in z direction using the XFEM and the space-time
XFEM. The conservation of the total momentum is satisfied when the space-time XFEM is
used. The momentum is transmitted between the solid and fluid. The solid cylinder moves
towards the positive x direction until 7.22s and then, the direction of the motion is reverted.
The momentum of the fluid (blue line) has the opposite tendency compared to the momentum
of the solid (red line). On the other hand, oscillations of P, occur when the standard XFEM
with a finer time increment is used (bottom left graph). The oscillations of the momentum
are created by the error of the fluid force F, in Figure 7.22. Furthermore, the conservation
of momentum is violated at the bottom left graph. Figure 7.25 illustrates the momentum
P, in y direction. The space-time XFEM (right column) satisfies the conservation of the
momentum in y direction without divergence. The results in Figures 7.22 - 7.25 suggest
that the space-time XFEM features improved stability and accuracy over the conventional

combination of the XFEM with a time stepping scheme.
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Finally, the errors of the total fluid force and the total momentum illustrated by black
lines in Figures 7.22 - 7.25 are examined. This study uses a time increment At = 0.2s as
a time increment and the spatial size dependency of the force and momentum errors are

computed. The errors of individual force and momentum components are defined as follows:

ty dt (Ftot — [tot )2
L2Error (F;*) = J ti e 2 : (7.46)
\ j;tl dt Fa:gref
ty dt (Ftot — [tot )2
L2Err0r(F;°t) = ft’ tE z " y;ref> , (7.47)
fti dt F*

ty
Error(P}) = \/ (tp — ;)1 / dt Pet? | (7.48)
t;

ty
Error(P,) = \/ (tp — ;)1 / dt Ptet? | (7.49)
t;

where ¢; and t; are initial and final time for the evaluation of these errors. ¢; = 0.4s and
ty = 8.5s are used in this numerical example. The L2 force errors are defined using the
reference solution. The reference solution is the result using the space-time XFEM with
h = 1/11m and At = 0.2s. The momentum errors are time averages of the deviation from
zero. The reason not to use a relative error for the momentum is that the total momentum
Pt and P, should be zero based on the conservation law. Blue markers show the errors
of the XFEM with a time stepping scheme. Red markers show the errors of the space-time
XFEM. The blue and red dashed lines represent the fitting of data using the least square
fitting method.

In Figures 7.28 and 7.29, the rate of convergence of the space-time XFEM uses data with
h < 0.133m. In addition, data of the error of P! vary widely because the absolute value of
P is much smaller than P;Ot. The computation of the rate of convergence of the XFEM
in Figure 7.28 is not computed because its data highly oscillates, and it is hard to extract
a trend. The rates of convergence of the standard XFEM are smaller than the ones of the

space-time XFEM, due to the temporal interpolation errors by a moving interface. On the
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other hand, the errors of the space-time XFEM diminish with the refinement of the spatial

discretization and converge quickly with the higher rates of convergence than the standard

XFEM.
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7.4.2 Turek-Hron FSI3 Benchmark Problem

The second numerical example of the Lagrangian-immersed FSI method using the space-
time XFEM is the well-known transient FSI benchmark problem typically referred to the
Turek-Hron FSI3 problem proposed by Turek and Hron [111]. The fluid phase is modeled by
the incompressible Navier-Stokes equations and the solid phase is modeled by a compressible
St. Venant-Kirchhoff material, (7.39) and (7.40), which considers finite strains but assumes
the linear response. In the Turek-Hron FSI3 problem, a fixed cylinder and an elastic flexible
beam connected to the cylinder are surrounded by fluid. This benchmark problem is designed
to operate in the incompressible laminar regime and periodic oscillations of the flexible beam

are obtained due to the self-induced oscillation of fluid flow.

7.4.2.1 Geometry of Turek-Hron FSI3

The geometry of Turek-Hron FSI3 problem is shown in Figures 7.30 and 7.31. Figure 7.30
displays the geometry of the Eulerian system (g in the Lagrangian-immersed FSI method.
Qé is the fluid phase and the entire domain (g is used in the level set projection method.

The inlet flow is prescribed at the left edge that is the inlet boundary r! The light

inlet "
edge is the outlet boundary with “do-nothing” boundary conditions (traction-free boundary

f

weo- Lhe top and bottom edges are the boundaries r/ with

no-slip

conditions) denoted by T
no-slip boundary conditions. I'ggy refers to the FSI interface where the no-slip boundary
conditions are applied around the cylinder. I'gy is the standard FSI interface around the

elastic beam.
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Figure 7.30: Model of Eulerian system Qg (Turek-Hron FSI3)

Based on the Lagrangian-immersed FSI method, Lagrangian and FEulerian meshes are
independently defined. Figure 7.31 is the geometry of the Lagrangian system ()1y. The
domain colored by light blue is the solid domain €] 4. corresponding to the fixed cylinder.
The pink domain is the solid domain €2, corresponding to the flexible elastic beam. Other
domains are the dummy solid domain. The domain colored by dark gray is denoted by Q4.
and always fixed by the Dirichlet boundary condition. The domain colored by light gray is
denoted by Q¢ is the flexible dummy-displacement domain that follows the deformation of
Q7 T'Lo-six is the undeformed Lagrangian interface where the no-slip boundary conditions
are applied and corresponds to I'g_gx. ['ro.in¢ is the undeformed Lagrangian interface for FSI.
The FSI boundary integrals are performed between non-matching interfaces I'g iy and 'yt

(deformed interface of I' g.in). The geometry parameters are summarized in Table 7.4.

d .
QLo-dbe FLO—flx

(XL + LL ,316 + hL/Z)

I‘LO‘—int

T [lhy hy

—
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Meshes of the Eulerian and Lagrangian system are shown in Figures 7.32 and 7.33. In
the Eulerian system (Figure 7.32), finer rectangular elements (%h X h: size in x is %h and size
in y is h) are used in # < 2Hg, and coarser rectangular elements (2h x h) are used in another
region. In the Lagrangian system (Figure 7.33), finer rectangular elements (3h x $h) are
used in the region of y. — hr/2 <y < y.+ hy, /2. Otherwise, square elements (%h X %h) are

used. The representative elemental length is h = 8.54 x 10~3m in this numerical example.

(0,0) 2 E =

Figure 7.32: Mesh of Eulerian system (Turek-Hron FSI3)

YL + 37"C
Ye + hL/Z
Ve — hL/Z

(xL, yL) xy, + 31,

xL+LL

Figure 7.33: Mesh of Lagrangian system (Turek-Hron FSI3)

Table 7.4: Geometry of Turek-Hron FSI3

Description

Parameter (m)

cylinder center position

C = (zey.) = (0.2,0.2)

cylinder radius r. = 0.05

reference length D=2r.,=0.1

elastic beam length ly =0.35

elastic beam height hy, = 0.02

reference point (at t = 0) A=(0.6,0.2)
channel length of Eulerian system Ly =2.50

channel height of Eulerian system Hy =0.41

origin of Lagrangian system (x1,yr) = (0.14,0.14)
length of Lagrangian system Ly, = 0.47

height at right edge of Lagrangian system hy, = 0.04
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7.4.2.2 Structural Test (Turek-Hron CSM1 Problem)

The structural dynamic response was first computed as a preliminary test for the Turek-
Hron FSI3 problem. This structural test is well-known as Turek-Hron CSM1 problem which
is a steady-state problem of the elastic beam (red region with r. < z < z.+r.+ 1, in Figure
7.31). The beam is deformed by the body force B® within the solid domain 2§ ,. This test is
a purely structural test and thus, the fluid is omitted. In addition, the dummy displacement
domain Q¢, is also omitted in this test. The elastic beam is modeled by the compressible
St. Venant-Kirchhoff material: (7.39) and (7.40), and its material parameters are given in

Table 7.5.

Table 7.5: Physical parameters of Turek-Hron CSM1

Description Parameter

Solid  Density p® = 1000kg/m?
Young’s modulus E*® = 5.6MPa
Poisson’s ratio v® =04
artificial viscosity a® = 0s~!
body force Bs = (0,—2)m/s?

initial velocity Vs =(0,0)m/s

ini

As the Turek-Hron CSMI1 test is a steady-state problem, the standard XFEM and the
backward Euler method (BDF1) are used in this test. The weak form of the governing

equations has only the following contributions:
R; (U {U*, V*}) + R, (0V*{U®, V?°}) + REP({0U°, 6V 1, {U*, V?®}) =0.  (7.50)

Details of (7.50) are discussed in Section 6.4. The penalty coefficients for the face-oriented
ghost-penalty method are set as aff, = of. = 0.05. The time increment for BDF1 is
At = 10%s in this case. Newton’s method using a direct solver is used as a solution method
and the convergence criterion requires a drop of the norm of the residual of 107% relative to
the norm of the initial residual.

Figure 7.34 shows the deformation of the Turek-Hron CSM1 problem. The black domain
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shows the initial configuration of the elastic beam and the colored domain shows the deformed

configuration with values of displacement U in y direction. Measures of this problem are

the tip displacements at point A marked by the green letter A in Figure 7.34

-6.583x103m U3 0

WHIHHWIHH!W

Figure 7.34: Deformation of Turek-Hron CSM1

75 : 66 .
—————————— ©60--54,
7 \ “““““ 099 -veg ] 64t 5
7.08mm R 65.54mm !
/E\ 6.57 \\\ T /E\ 62 1 \\
= \ I S 60t
& R ‘\ *&bA ‘\
‘b ‘\ \
— 55t \ — 58¢ i
tip z tip \
51 ' 56+ \
|Ux ‘ | ‘UY !
45 : 54 :
1074 107 107 104 107
Spatial Discretization 4 (m)

107
Spatial Discretization 4 (m)
Figure 7.35: Convergence of tip displacements (Turek-Hron CSM1)

Table 7.6: Numerical results of Turek-Hron CSM1

U (mm) UY® (mm)
] 719 ~66.10
Nagai -7.08 -65.54

Figure 7.35 illustrates the convergence study of the tip displacements U and U;ip in

x and y direction. As the mesh is refined, converged values of the tip displacements are
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obtained. Table 7.6 is the comparison between the reference work (Turek and Hron [111])

and this research (Nagai). As can be seen in Table 7.6, the tip displacements agree well.

7.4.2.3 Turek-Hron FSI3 Problem

In the following, the Turek-Hron FSI3 problem (transient FSI computation) is studied.

The summary of physical parameters is given in Table 7.7.

Table 7.7: Physical parameters of Turek-Hron FSI3

Description Parameter
Solid Density p® = 1000kg/m?
Young’s modulus  E® = 5.6MPa
Poisson’s ratio v® =04
artificial viscosity = a® = 0s™!
body force B* = (0,0)m/s?
initial velocity Vi = (0,0)m/s
Fluid Density p’ = 1000kg/m?
kinematic viscosity v/ = 107%m?/s
body force b/ = (0,0)m/s?

reference velocity v, = 2m/s
Dimensionless Reynolds number ~ Re = 9, D /v/ = 200
Parameters Strouhal number St = fD/v, = 0.05 (f =1s7})
Ratio of density B=p/pf =1
Ae = E°/(p/9?) = 1400

The boundary conditions in the Eulerian space-time slab Qf (Qf = Qg @ T") are as

follows:
No-slip BCs: vl =v] =0o0n Pg.’r]:osnp and Pp g, , (7.51)
— H,
Parabolic inlet flow: v/ (0,y,t) = 661%9@) on P2t (7.52)
E
05(0, y,t) =0 on Pg_’i{ﬂet , (7.53)

n,f n, f ; ; ; f foos
where Py’ g, and Pgpliy, are the space-time interfaces corresponding to I') o, and I'y ;. in

Figure 7.30 respectively. The inlet velocity is ramped up by the following smoothing function
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1—cosQ(7rt/2) ift < 9 7
6(t) = (7.54)

1 otherwise .

The boundary conditions in the undeformed Lagrangian space-time slab QF, (Q7, =

Qo @ T™) are as follows:

Fixed Lagrangian domain: U7 = U; = 0 in Q[ 4,.and Al e s (7.55)
Ve =V; =0in Qg g,.and QLO dbe > (7.56)
No-slip BCs: Vi=V;=0on P, , (7.57)

where Q7% o, Q1. and P . correspond to spatial properties Qf o quer Qo.ane and o
in Figure 7.31, respectively.

The weak form of Turek-Hron FSI3 problem is residuals without the contribution of
the contact ]:2;2 and identical to the weak form of the first numerical example, (7.45). The
Helmholtz smoothing method (7.7) is applied in the dummy displacement domain because
the structure does not undergo rigid body rotations. The penalty factors for the Turek-Hron

FSI3 problem are summarized in Table 7.8.

Table 7.8: Penalty coefficients for Turek-Hron FSI3

Method Penalty Coefﬁcients

Nitsche’s method for FSI nf = abEs, = 1/56s/m

Nitsche’s method for dummy-displacement 7? = a?E?, af = 20m_1

face-oriented ghost-penalty method o = aff, = off, = ) = 1072, pp =103

In this numerical example, the size of the temporal discretization is set to either At =
0.005s or At = 0.0025s. Three temporal slices are defined in each temporal layer based on
the elementwise temporal layer approach. Newton’s method with a direct solver is used.
The convergence criterion at the Newton iteration is a drop of the norm of the residual of

5 x 1073 relative to the norm of the initial residual.
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In this Turek-Hron FSI3 problem, periodic oscillations of the flexible beam are excited
by the fluid flow. Figures 7.36 - 7.40 show the time histories within one period (from 7.09s to
7.27s) using At = 0.005s. Figures 7.36 and 7.37 shows the evolutions of the velocity fields in
the solid and fluid phases. The meshed areas represent the deformed solid domain 2 defined
in the Lagrangian system, and the fluid domain Qé is defined in the Eulerian system. The
numerical results show that oscillations of the solid beam are excited by the fluid flow and
the distribution of fluid velocity is affected by the deformation of the beam. In addition, the
continuity of velocities between solid and fluid is enforced. Figure 7.38 shows the evolution
of the fluid vorticity w/ in z direction. The lines colored by gray represent the contour line
of the fluid vorticity. Vortex shedding is observed as the flow passes the flexible solid beam.

Figures 7.39 and 7.40 focus on the time histories of the structural response. The left
column is the velocity in y direction in the fluid phase. The meshed areas represent the
deformed solid domain 2}"* and the other domain is the fluid domain Q%/. The middle and
right columns are the displacement U, in y direction and the von Mises stress oy, (Cauchy
stress) of the solid domain. The domain without mesh is the dummy displacement domain

Qﬁ’d in the middle and right columns of Figures 7.39 and 7.40.
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t=7.180s

Figure 7.36: History of velocity in = (Turek-Hron FSI3, At = 0.005s)
+
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-5 Vy 15m/s

Figure 7.37: History of velocity in y (Turek-Hron FSI3, At = 0.005s)
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Figure 7.38: History of fluid vorticity w/ (Turek-Hron FSI3, At = 0.005s)
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Figure 7.39: Structural deformations (Turek-Hron FSI3, 7.09s-7.18s, At = 0.005s)
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Figure 7.40: Structural deformations (Turek-Hron FSI3, 7.18s-7.27s, At = 0.005s)

www.manharaa.com




234

The accuracy of the simulation results for the Turek-Hron FSI3 problem is monitored by
the tip displacements, U'P and U;ip, at point A of Figure 7.30, the drag force F and the
lift force F, on the interface I'y,;;q around the solid structure including both the cylinder and

beam. Fp and Fi, are computed by the fluid traction as follows:
(Fp FL)T = / dl o'n’ (7.58)
Csolia

The reference results are taken from [111] and shown in Figure 7.41. These results are
computed by the ALE-FSI method and the FEM with At = 0.0005s. The displacement in
x direction and the corresponding drag force have about a frequency that is twice as large
than the displacement in y direction and the lift force. Smooth oscillations were obtained

for all quantities of interest.
FSI3: x & y displacement of the point A

0 0.04
-0.001 | 0.03 ¢
x > 002}
E -0.002 é 001 :
g -0.003 | g 0
(1] ©
S .0.004 | a 001
© s -002 ¢
'0005 i _0-03 I\
-0.006 . -0.04 A
195 196 197 19.8 199 20 195 196 197 198 199 20
time time
FSI3: lift and drag force on the cylinder+flag
200 re=—— ' ' jgg | [ fsi
100 470
465 +
e 0 D 460 |
= 0 5 455
450 +
-50 445
L 440
-100 435
-150 S 430 S
195 196 197 198 199 20 195 196 197 198 199 20
time time

Figure 7.41: Reference results of Turek-Hron FSI3 (Turek and Hron[112], At = 0.0005s)
unit of displacement = [m], unit of force = [N])
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Figure 7.42: Tip displacements using Lagrangian-immersed FSI (Turek-Hron FSI3, At =

0.005s)
(e: referenced data [111] digitized from Figure 7.41)
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Figure 7.43: Drag and lift forces using Lagrangian-immersed FSI (Turek-Hron FSI3, At =
0.005s)
(e: referenced data [111] digitized from Figure 7.41)

Figures 7.42 and 7.43 show the results of U, U, Fp, and FL, based on the proposed
Lagrangian-immersed FSI method using the space-time XFEM with At = 0.005s. The time
increment used in these figures is ten times larger than the one in the reference results. The
black dots represent the digitized reference data [111] from Figure 7.41 and shifted along time

to overlap onto current results. Before reaching the developed stage such as Figures 7.42 and
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7.43, the path of the time evolution is not unique because of the high nonlinearity of geometry.
Thus, shifting data along time is reasonable in order to compare the results of the developed
stage. From Figure 7.42, one can observe that the amplitude of the tip displacement at
point A agrees well with the reference [111]. While the period of the oscillation is slightly
shorter than the reference, the overall tendency in terms of amplitude and period is correctly
reproduced by the Lagrangian-immersed FSI method using the space-time XFEM. In Figure
7.43, the history of the lift force Fj, has almost the same period as the reference, but its
amplitude is larger than the reference. The reason for the difference of the amplitude of
[y, is the difference of the time increment At. As proposed computational results using the
space-time XFEM are computed by ten times larger At than the reference work, peaks of
F1, become sharper because aa% changes around the peaks and larger At prevent capturing
smooth distribution around the peaks. The fact that the slope around Fj, = 0 is similar to
the reference work supports this discussion. The period of Fp, is also almost identical to the
reference work. On the other hand, there is a big discrepancy between current results and
reference results in terms of the value of Fp. This discrepancy is discussed later.

Figures 7.44 and 7.45 show the results with At = 0.0025s. In these figures, a smaller

time increment At = 0.0025s is used to check the influence of the temporal discretization on

the convergence of the space-time XFEM.
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Figure 7.44: Tip displacement using Lagrangian-immersed FSI (Turek-Hron FSI3, At =
0.0025s)

(e: referenced data [111] digitized from Figure 7.41)
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Figure 7.45: Drag and lift forces using Lagrangian-immersed FSI (Turek-Hron FSI3, At =
0.0025s)
(e: referenced data [111] digitized from Figure 7.41)

There is no significant difference with respect to the tip displacements ULP and U;ip
(Figures 7.42 and 7.44). On the other hand, differences exist in the time evolution of the drag
force Fp and the lift force F}, (Figures 7.43 7.45). Fy, computed by smaller time increment
At = 0.0025s is closer to the reference solution than Fj, computed by At = 0.005s, especially

at its peaks. This is because a smaller At could capture more accurately the change of
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Figure 7.46: Difference of drag force from reference (Turek-Hron FSI3, At = 0.0025s)
(e: referenced data [111] digitized from Figure 7.41)
Fy: 88%. Fp computed by a smaller time increment At = 0.0025s is much closer to the
reference solution than Fp computed by At = 0.005s. While F at the peak has a similar
value as the reference solution, smaller Fy, values still differ significantly. Figure 7.46 shows
the individual contributions of Fpp. The green and red lines represent the total Fp and the
contribution of pressure for Fp, respectively. Domains colored by blue denote domains where
there is big difference between the computed total Fp (green line) and the reference total
Fp (black dots). These results suggest that the lower half of the oscillation of total F, has
a flat distribution which causes the discrepancy from the reference solution. 90% of Fp is
the contribution of fluid pressure p/ (red line) and this flat distribution is originated from
this pressure contribution. This discrepancy is also observed in the computation using the
space-time XFEM based on the simplex triangulation approach (Chapter F) and thus, this
issue is not caused by the proposed space-time integration. The difference in the stabilization
method for convection term and incomprehensibility of the INS fluid, the method of the FSI
integral (ALE-FSI and non-matching interface integral using the Lagrangian-immersed FSI
method) and the treatment of interface (fixed interface and moving interface) may cause this

discrepancy against the reference work. This issue is still unclear and needs more attention.
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Focusing on the smoothness of Fp and F1,, Figures 7.43 and 7.45 are less smooth than
the reference work (Figure 7.41). As discussed in Section 7.4.1, the roughness in Fig-
ures 7.43 and 7.45 might be caused by FSI between non-matching interfaces based on the
Lagrangian-immersed FSI method, the coupling methods (Nitsche’s method of Lagrange
multiplier method) and the stabilization method for fluid. The discussion of Figure 7.45
above suggests that the fluid pressure causes the roughness of Fp and Fp, in Figure 7.45.
This instability of the fluid pressure should be examined in the future. It should be noted
that the proposed space-time integration based on the elementwise temporal layer is not the
cause of this instability (Appendix F).

Table 7.9 summarizes the accuracy study of the Turek-Hron FSI3 problem. Each measure
is shown by “mean + amplitude [frequency]”. The mean and amplitude of these measures
are computed by taking maximum and minimum values. In addition, the frequency of the

oscillations of these measures is computed from their periods:

1
mean = E(max + min) , (7.59)
1
amplitude = é(max — min) , (7.60)
1
f = . 7.61
requency Deriod (7.61)

In Table 7.9, ‘A’ and ‘B’ in the first column are the results of the Lagrangian-immersed
FSI method using the space-time XFEM with At = 0.005s and At = 0.0025s respectively.
Computed values are obtained by fitting data from 7.9s to 8.1s where the oscillations are
completely developed. As the Turek-Hron FSI3 problem is a well-known benchmark problem,
there are several numerical studies of this problem. Reference results summarized in Table
7.9 are Turek, Hron, et al. [111, 112], Breuer, Mayer, et al. [113], Chabannes et al. [114],
Sandboge [115], and Frei and Richter [116]. The last paper [116] uses the full-Eulerian FSI
method and others are based on the ALE-FSI method.

The results of [111, 112, 114, 115] agree well. The results of [113, 116] deviate from
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Table 7.9: Numerical results of Turek-Hron FSI3
(mean + amplitude [frequency(Hz)])

U (mm) U™ (mm) Fp (N) F, (N)

[111] —2.60 =253 [10.9] 148 +34.38 [5.3] 457.3+22.66 [10.9] 2.22+ 149.78 [5.3]
[112] —2.884+2.72 [10.9] 1.47+34.99 [5.5] 460.5+27.74 [10.9] 2.50 + 153.91 [5.5]
[113] —4.544+4.34 [10.1] 1.50 £42.50 [5.1] 467.5+39.50 [10.1]  16.2 + 188.70 [5.1]
[114] —2.884+2.75 [10.9] 1.35+34.72 [5.4] 459.3+29.84 [10.9] 3.19 + 171.20 [5.4]
[115] —2.834+2.78 [10.8] 1.35434.75 [5.4] 458.5+24.00 [10.8]  2.50 £ 147.50 [5.4]
[116] —2.23+216]-]  1.90+30.86 ] 468942280 []  —9.404193.6 []

A —280+263[11.1] 1.10+36.00 [5.6] 489.5+ 14.86 [11.1] 9.44 % 199.23 [5.6]
B —263+£244 [11.1] 1.11433.59 [5.6] 461.8420.00 [11.1] 9.79 4 181.01 [5.6]

([111, 112, 113, 114, 115]: ALE-FSI, [116]: Full-Eulerian FSI)

(A: result using At = 0.005s, B: result using At = 0.0025s)
[111, 112, 114, 115] and are there for not further considered. As it can be seen from Figure
7.42 and Table 7.42, the deformations of the flexible beam using the Lagrangian-immersed
FSI method and the space-time XFEM agree well with the reference results. On the other
hand, the results of Fp and Fy, deviate from [111, 112, 114, 115]. The deviation of Fy, is
likely due to the larger time increment ([111, 112]:At = 5 x 10~%s, [116]:At = 2.5 x 10~*
A:At =5 x 1073, B:At = 2.5 x 107s). But the time evolution of Fj, is similar to [111]
as compared in Figure 7.45. The reason of the deviation of Fp from the reference results is
likely due to instability of the fluid pressure as discussed previously.

As the Turek-Hron FSI3 benchmark problem is a very challenging numerical problem,
some of FSI method cannot compute this benchmark problem or do not show quantitative
argument as shown in Table 7.9. The full-Eulerian FSI method [116] could not compute
reasonable deformations in comparison with the reference result of [111], even if a much
smaller time increment is used (At = 2.5 x 107%s). This indicates the limitation of the
capability of the Eulerian approach for FSI analysis.

Consequently, the Lagrangian-immersed FSI method using the space-time XFEM is a
promising method to compute FSI problems with large deformations. The issue in terms of

the evaluation of the fluid forces acting on a structure must be examined as a future task.
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7.4.3 Multibody FSI-contact problem using space-time XFEM

The last numerical example is a multibody FSI-contact problem based on the combination
of the Lagrangian-immersed FSI method and the stabilized Lagrange multiplier method for
contact using the space-time XFEM.

The geometry and the material of this example is identical to the numerical example
described in Section 6.6.4. There are five solid structures modeled by a neo-Hookean material,
(6.71) - (6.74), and these solid structures are defined within separate Lagrangian domains
O (i =1 ~5). Each Lagrangian domain Q} contains a solid domain Qf and a dummy
displacement domain Q%: Qf = QL U Q4. Figures 6.27 - 6.31 and Table 6.6 report on the
geometry of each Lagrangian domain. The physical quantities are summarized in Table 6.7.
The spatial discretizations in each Lagrangian and the Eulerian systems are summarized in
Table 6.8.

The weak form of the governing equations for this example is identical to (7.4) including
the stabilized Lagrange multiplier method for contact. Details of the weak form is given in
Section 7.2. In addition, penalty coefficients for Nitsche’s method, the face-oriented ghost-
penalty method and the stabilized Lagrange multiplier method are summarized in Table 7.10.
The penalty factor 7. for the stabilized Lagrange multiplier method is defined as follows:

E; + E;

= a, ,j=1~D5,1#7), .62
e (@7 A ) (7.62)

Ve

where E? and h{ are the Young’s modulus and the size of the spatial discretization of the
solid domain % defined in the i-th Lagrangian domain Qi . E*® is a representative value of
the Young’s modulus and set as £ = 1MPa in this example.

In this numerical example, the size of the temporal discretization is set to At = 0.1s and
three temporal slices are defined in each temporal layer based on the elementwise temporal
layer approach. Newton’s method with a direct solver are used. The convergence criterion

for the Newton iteration requires a drop of the norm of the residual of 5 x 1073 relative to
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Table 7.10: Penalty coefficients for FSI-contact problem using space-time XFEM

Method Penalty Coefﬁcients
Nitsche’s method for FSI 0™ = fS‘ES = 0.1s/m
Nitsche’s method for dummy-displacement 7¢ = a?E*, o = 20m™!
stabilized Lagrange multiplier method Ve = a(E$ + Es) /(hi +h3), «

face-oriented ghost-penalty method

= dm
gp gp gp ? = 0.005

aUs—aUd—aVs—af—OOS

the norm of the initial residual. In addition, the adaptive time-stepping scheme is applied

to ensure the convergence of the Newton iteration; see (6.92) in Section 6.6.3.

Figures 7.47 - 7.61 illustrate the history of the distributions of the velocity of both the

solid and fluid; V;* and v , the fluid pressure p/ and the fluid in-plane effective shear stress ¢

(¢f = |o1—02]/2) using At = 0.1s and h = 1/11m. Figure 7.47 shows the initial configuration

of the FSI-contact problem. Figures 7.48 - 7.50 are snapshots in the time range dominated by

FSI without contact. Figures 7.51 - 7.61 are snapshots of the FSI-contact response. Figure

7.61 shows the final time step of this numerical example (¢ ~ 30s). Solid structures are in

contact with each other and the velocity of both the solid and fluid approaches zero.

0. 3m,|"s -0. 5 0. Em,i's

vl lkPa 150 Pa

Figure 7.47: FSI-contact problem using space-time XFEM (t = Os, stepO)
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I[IEm,n"s {]5 {}Em;'s vl lkPa IEUP.I

Figure 7.48: FSI-contact problem using space-time XFEM (t = 1s, steplO)

{IEm,i's {15 {}Em,i's vl lkPa ISUP‘J

Figure 7.49: FSI-contact problem using space-time XFEM (t = 2.01875s, step23)
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I[IEm,n"s {]5 {}Em;'s vl lkPa IE{JP.I

Figure 7.50: FSI-contact problem using space-time XFEM (t = 3.01875s, step33)

{IEm,i's {15 {}Em,i's vl lkPa IS{JP‘J

Figure 7.51: FSI-contact problem using space-time XFEM (t = 4.025s, step44)
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ﬂEm,n"s {]5 {}Em;'s vl lkPa IEUP.I

Figure 7.52: FSl-contact problem using space-time XFEM (t = 4.975s, step54)

ﬂEm,ﬂ's {15 {}Em,i's vl lkPa ISUP‘J

Figure 7.53: FSI-contact problem using space-time XFEM (t = 5.9875s, Step66)
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I[IEm,n"s {]5 {}Em;'s vl lkPa IEUP.I

Figure 7.54: FSl-contact problem using space-time XFEM (t = 7.0625s, step81)

{IEm,i's 05 {}Em,i's vl lkPa ISUP‘J

Figure 7.55: FSI-contact problem using space-time XFEM (t = 8.06875s, step92)
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II'.]3m,|"s {]5 {}Em,f's vl 1kPa 15{]P.1

Figure 7.56: FSI-contact problem using space-time XFEM (t = 11.0625s, step129)

ﬂEm,ﬂ's 05 ﬂEm;’s -1 1kPa 150P‘.‘|

Figure 7.57: FSI-contact problem using space-time XFEM (t = 13.16785s, step150)
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ﬂEm,n"s {]5 {}Em;'s vl lkPa IEUP.I

Figure 7.58: FSI-contact problem using space-time XFEM (t = 15.5125s, step180)

ﬂEm,ﬂ's {15 {}Em,i's vl lkPa ISUP‘J

Figure 7.59: FSI-contact problem using space-time XFEM (t = 18.33125s, step220)
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II'.]3m,|"s {]5 {}Em,f's vl 1kPa 15{]P.1

Figure 7.60: FSI-contact problem using space-time XFEM (t = 25s, step297)

ﬂEm,ﬂ's 05 ﬂEm;’s -1 1kPa 150P‘.‘|

Figure 7.61: FSI-contact problem using space-time XFEM (t = 30.39375s, step385)
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Step 61 (r=5.8125z8)

Step 322 (=26.568755) Step 385 (/=30.393755)

Figure 7.62: Multibody contact in FSI-contact problem using space-time XFEM
(von Mises stress contours; Fluid is not visualized.)

Figure 7.62 shows von Mises stress (Cauchy stress) when the solid bodies are in contact.
After stepl24 (¢ > 10s), contact among more than two objects occurs.

The results in Figures 7.47 - 7.62 show that the Lagrangian-immersed F'SI method using
the space-time XFEM can handle both fluid-structure interaction and complex multibody
contact simultaneously. These figures look similar to results of the Lagrangian-immersed FSI
method using the XFEM with a time stepping scheme described in Section 6.6.4. However,
the difference between the results using the space-time XFEM and the previous results using
the XFEM is highlighted by comparing the fluid forces and the momentum.

Figures 7.63 and 7.64 are comparisons of the fluid forces using the XFEM and the space-
time XFEM, respectively. The blue and red lines are contributions of the fluid hydrostatic
pressure and the fluid velocity, respectively. The black lines represent the total fluid forces
acting on solid structures and defined as the summation of blue and red lines. At the range
of 0 <t < 25s, the Eulerian interfaces I'y move due to the deformations of the Lagrangian
solid structures. The fluid forces computed by the standard XFEM (left graphs) oscillate

due to the temporal interpolation errors caused by moving interfaces.
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Figure 7.64: Comparison of F, (FSI-contact with XFEM and space-time XFEM)

In particular, these forces highly oscillate until 10s because the motion of the interfaces is
large in this region. On the other hand, the fluid forces computed by the space-time XFEM
(right graphs) have not spurious oscillations. This indicates that the space-time XFEM
correctly integrates the response in time even for moving interfaces. Small oscillations using
the space-time XFEM can be observed; these oscillations are assumed to be caused by the
non-matching space-time interfaces and multibody contact. In the range of 25 < ¢ < 30s, the
velocities of both the solid and fluid become very small and the system response is dominated

by-contact=-ln. thisregionsthe fluid forces computed by the space-time XFEM oscillate more
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largely than forces computed by the XFEM. This may indicate that the conventional contact
formulation for the XFEM is more stable than the current contact formulation for the space-

time XFEM described in Section 7.3.5. This issue is still unclear and needs more attention.
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Figure 7.65: Comparison of P, (FSI-contact with XFEM and space-time XFEM)
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Figure 7.66: Comparison of P, (FSI-contact with XFEM and space-time XFEM)

Figures 7.65 and 7.66 show the comparisons of the momentum computed by the XFEM
and the space-time XFEM, respectively. The blue and red lines represent the momentum
of the fluid and solid phase, respectively. The total momentum is shown by black lines

as the summation of the solid and fluid momentum. These results show that the XFEM

onverge to the steady-states. Like the first numerical example
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(Section 7.4.1), the momentum P, and P, in = and y direction, are transmitted between
the solid and fluid. The conservation of the total momentum (summation of solid and fluid
momentum) should be satisfied. As the momentum is a result of the solid and fluid forces,
the fluid forces in Figures 7.63 and 7.64 influence the evolution of the momentum P, and
P,. A remarkable point is the violation of the conservation of momentum using the XFEM.
The yellow shaded regions in left graphs show large discrepancies from zero in the total
momentum using the XFEM. Such a large violation of the conservation is not observed in
results of the space-time XFEM. Oscillations using the space-time XFEM can be observed
in Figure 7.65; these oscillations are assumed to be caused by the non-matching space-time
interfaces and multibody contact, similar to the oscillations of the fluid forces. In the range of
25 < t < 30s, the oscillations seem to be due to contact. While multibody contact is correctly
captured using the proposed contact formulation in the space-time XFEM, reconsideration of
the contact formulation for the space-time XFEM will be necessary to enhance the stability
of the FSI-contact problem.

Finally, the convergence of the Lagrangian-immersed FSI method using the space-time
XFEM is studied. Four models which have different size of the spatial discretization (h =
4/11,7/2,4/19 and 2/11m ~ 0.364,0.286,0.211 and 0.182m) are used. As a remainder, h is
the representative size of the spatial discretization in this example and identical to the size
of the spatial discretization in the Eulerian system hg. The sizes of the spatial discretization
hi, of the Lagrangian systems 1-4 (i = 1 ~ 4), are proportional to h as defined in Table 6.8.
The spatial discretization of Lagrangian system 5, which is a fixed concave structure at the
bottom, is constant (h{, = 0.1867m).

Figure 7.67 illustrates the trajectories of centroids of solid structures 1-4 using different
sizes of the spatial discretization. Figures 7.68 and 7.69 show comparisons of total fluid force
and total momentum using different sizes of the spatial discretization.

For the convergence study, the L2 errors of the solid displacements and the velocity at
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Figure 7.67: Trajectory of centroids of solid structures (space-time XFEM, At = 0.1s)
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Figure 7.68: Spatial size dependency of force (space-time XFEM, At = 0.1s)
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Figure 7.69: Spatial size dependency of momentum (space-time XFEM, At = 0.1s)
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each centroid corresponding to Figure 7.67, the L2 errors of the fluid forces corresponding
to Figure 7.68, and the deviation of the total momentum from zero corresponding to Figure

7.69. The definitions of these errors are as follows:

24: ftf dt ”chen - Ugen -re ||2
L2Error (Usen) = | =g (7.63)
\ Zj:l L/;:L dt HUccnt—rcfH
24:1 fttf dt ”Vg(;,nt - ‘/::int—ref|’2
L2Error(‘/cent) = ! 41 tfd Vj 5 ) (764)
\ Zj:l j;fl 14 || cent—ref”
ty dt (Ftot — [tot )2
L2Error (F*') = J ti s ) : (7.65)
\ ftl dt Fz’iref
ty dt (Ftot — [tot )2
L2Error (F,*") = Jy ti e ) : (7.66)
\ JUdt Fiet

ty
Error(P;*") = \/(tf - ti)_l/ dt Pt? | (7.67)
t;

ty
Error(P)*") = \/(tf - ti)l/ dt Pytot2 , (7.68)
t;

where t; and ¢; are initial and final times for the evaluation of errors. ¢; = 0.4s and 5 = 30s

are used to evaluate these errors. U/, . and V! . represent the displacement and velocity

vectors at the centroid of the solid structure i defined in Q.. U! . ., Vi . F° . and
F}% ¢ denote the reference solutions using the finest model: i = 2/11m.

Figure 7.70 shows the L2 errors of the solid displacements and the velocities at each
centroid. The convergence rates of both the displacements and velocities are almost identi-
cal because of the linear relationship between the solid displacements and velocities in the
governing equations; i.e. the displacement-velocity relationship (6.8).

Figure 7.71 shows the L2 errors of the fluid forces. The convergence of F;Ot is slower
than the one of F°'. As the contact is dominant in y direction because of the fall of the

solid structures, the high nonlinearity due to contact exists mainly in y direction and this

complex nonlinearity might cause the slower convergence in Ftot.
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Figure 7.70: L2 error of quantities at centroids (space-time XFEM, At = 0.1s)
(reference model: h = 2/11m and At = 0.1s using space-time XFEM)

3 ]
e I tot 5
X ‘,,
m F tot ’
0 2 I y .’(I
Py »
2 P
O s
=3 :
ks S
‘g 1 1242 2 ARy Bakses
_____ Sl .
R T K
o
o 13167
0.5 , | |
0.1 0.2 0.3 04 0.5

Spatial Size 4 (m)

Figure 7.71: L2 error of force (space-time XFEM, At = 0.1s)
(reference model: h = 2/11m and At = 0.1s using space-time XFEM)

www.manharaa.com




257

0.5 ; o
o p U »
X ¢
0 . p =
! ¥ L ’,l
\é’ - o
é 0.2 [ " ”’ :
L , A
= 17870 .
z . I
o f’ /, .
[ Ol [ ,’ Pl
Q ’ .
g ! Pid
m 1’ ’4’.
L 3672
0.05 - : : ‘
0.1 0.2 0.3 04 05

Spatial Size 4 (m)

Figure 7.72: Error of momentum (space-time XFEM, At = 0.1s)

Figure 7.72 shows the error of the conservation of the total momentum. The approxima-
tion to compute the rates of convergence in this figure uses only three points with A < 0.3m.
The violation of the conservation of momentum is reduced by mesh refinement for both Pt
and P;Ot. These studies suggest that the combination of the space-time XFEM and the

Lagrangian-immersed FSI method correctly treats the complex nonlinearity due to both FSI

and multibody contact.
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7.5 Discussion

This chapter presented the Lagrangian-immersed FSI method using the space-time XFEM.
The space-time XFEM based on the elementwise temporal layer approach (Chapter 3) is ap-
plied to the Lagrangian-immersed FSI method. The finite element discretization and the
XFEM enrichment is applied in both space and time. A simple implementation for inte-
grating the space-time discretization is realized based on the elementwise temporal layer
approach.

FSI is modeled between non-matching space-time interfaces defined by separate La-
grangian and Eulerian space-time slabs. The integration scheme for space-time FSI uses
techniques of computational contact mechanics, such as the master-slave concept, the node-
to-surface pairing and the gap equation for contact. The stabilized Lagrange multiplier
method and the level set projection method are expanded into the space-time formulations.

Three transient numerical examples were studied based on the Lagrangian-immersed FSI
method using the space-time XFEM. The first numerical example was a falling cylinder
within a fluid domain. This problem poses severe challenges for the conventional ALE-FSI
method because of large deformation. The second numerical example was a challenging
FSI problem known as the Turek-Hron FSI3 benchmark problem. It should be noted that
some of non-standard FSI methods cannot pass this benchmark problem. The Lagrangian-
immersed FSI method using the space-time XFEM could capture the complex deformations
of a flexible solid beam due to self-induced oscillation by fluid flow. The obtained results
agreed reasonably well with the ALE-FSI method. The deformation of the proposed approach
agrees well with the reference works. However, the fluid forces acting on the solid structure
have oscillatory behaviors and the drag force has a big discrepancy from the reference works.
This issue is still unclear and needs more attention. These two examples illustrate the
potential of the proposed method for FSI with large deformation without remeshing and

any additional treatment like the ghost fluid method. The third numerical example was
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a multibody FSI-contact problem. As an interface in the Eulerian system is treated as a
moving interface, there is no limitation with respect to contact and large deformations in
the Lagrangian-immersed FSI method. The space-time XFEM avoids temporal interpolation
errors due to moving interfaces. Stable and robust FSI-contact computation was achieved
by the proposed method.

Owing to the elegance of the fixed grid approach in a fluid domain and the space-time
formulation, the Lagrangian-immersed FSI method using the space-time XFEM is a promis-
ing method which has interesting capabilities for complex FSI-contact problems. The ability
to model large deformations and contact simultaneously within the FSI system presents
a significant process in simulating complex FSI problems. This method is not limited to
the fluid-structure interaction and also applicable to various types of complex multi-physics
problems including moving interfaces, such as the interaction between the Lagrangian and
Eulerian solids, the interaction of structure and electromagnetic fields and acoustic-structure
interaction. Unresolved issues of the Lagrangian-immersed FSI method using the space-time
XFEM include the presence of small fluctuations of the fluid forces around moving interfaces
as shown in Figures 7.22 and 7.23. This problem is assumed to be cause by non-matching
space-time interfaces. Revisiting the integration method between non-matching interfaces
might be necessary. Other coupling method for FSI like the Lagrange multiplier method
is worth considering instead of Nitsche’s method. While the studies in this chapter only
focus on spatially two-dimensional problems, it is necessary to expand this method into

three-dimensional problems.
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Chapter 8

Conclusions

8.1 Summary

This thesis presented a space-time extended finite element method (space-time XFEM)
based on the elementwise temporal layer approach and its applications to fluid-structure
interaction (FSI) and contact problems.

The proposed space-time XFEM applies the Heaviside-enrichment strategy in both the
space and time. A simple space-time integration based on the summation of spatial inte-
gration at multiple temporal quadrature points was introduced as the elementwise temporal
layer approach. Each space-time element is subdivided into multiple temporal layers along
time by considering its intersection configuration. Furthermore, temporal integration points
are defined in each temporal layer. Each temporal layer is cut by planes on these points
parallel to the spatial domain. The cross sections created by this cut are called as the tem-
poral slices in this thesis. As the number of temporal slices in each temporal layer affects
the effective time increment, a larger number of slices is beneficial from the viewpoint to get
a faster convergence in terms of the time evolution. Integration points for a space-time vol-
ume are distributed on each temporal slice using the same numerical integration scheme used
in the standard XFEM. Integration points for space-time interface are set on a space-time
interface which has the same dimension as the spatial domain. As higher-dimensional de-
compositions of a space-time slab like the simplex triangulation method are not needed, the
proposed space-time XFEM eases significantly the implementation of the space-time integra-
tion. The space-time interface conditions are prescribed by Nitsche’s method. In addition,

the face-oriented ghost-penalty method is applied in the space-time XFEM for mitigating
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the ill-conditioning problem due to small intersected space-time elements.

The proposed space-time XFEM was applied to transient, spatially two-dimensional prob-
lems. The accuracy and stability of Nitsche’s method and the face-oriented ghost-penalty
stabilization for the space-time XFEM was studied with a elasto-dynamic problem and a
fluid problem known as DFG 2D-3 benchmark problem. While the numerical accuracy of
physical quantities that had a steady-state like behavior was quite similar in both methods,
the space-time XFEM could evaluate physical quantities that had a dynamic characteris-
tic more precisely than the spatial XFEM using the same time increment. The proposed
space-time XFEM was applied to a fluid problem with moving interfaces. The divergence of
the numerical solution was avoided successfully by the face-oriented ghost-penalty stabiliza-
tion and it was confirmed that the face-oriented ghost-penalty method was effective in the
space-time XFEM to stabilize the numerical computations, especially for moving interface
problems. As the XFEM suffer from temporal interpolation errors due to moving interfaces,
and additional treatments such as the ghost-fluid method are necessary for the stable tem-
poral interpolation. The space-time XFEM overcomes temporal interpolation errors due to
moving interfaces without the ghost-fluid method, and obtains dynamical quantities stably.
The space-time XFEM has a great advantage in terms of stability, accuracy and flexibility
for problems with moving interfaces.

The benefit of robust and stable mathematical treatment of moving interfaces using the
space-time XFEM enhances the flexibility of the computational methods for the FSI prob-
lems. In this thesis, non-standard FSI methods (non-ALE methods) using moving interfaces
were studied by considering the FSI-contact problems which are difficult to solve by the
conventional ALE-FSI method. As a preliminary study for the combination of the flexible
FSI method and the space-time XFEM, two non-standard FSI methods using the XFEM
were examined.

The full-Eulerian FSI method using the XFEM is one method which has the ability
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to treat the FSI-contact problems. The Eulerian description is applied in both the solid
and fluid domains and thus, its computation is performed in the fixed background mesh.
There is no limitation in terms of large deformation and contact. The conservative level
set function (CLSF) method is introduced to represent the FSI interfaces. While the full-
Eulerian FSI method was confirmed as an attractive method to compute FSI and large
deformations, a fine-scale time increment is needed for the computation of the convection
equations used in the level set function and the momentum equations. In addition, the
steady-state problems cannot be computed efficiently by the full-Eulerian FSI method. This
feature is a big disadvantage for the applications such as the optimization scheme.

The Lagrangian-immersed FSI method using the XFEM was also proposed as a more flexi-
ble computational method for the FSI-contact problems than the Full-Eulerian FSI method.
In the Lagrangian-immersed FSI method, the solid and fluid phases are defined by the
Lagrangian and Eulerian descriptions, respectively. Meshes of the solid and the fluid are
spatially disconnected. FSI is computed between non-matching Lagrangian and Fulerian
interfaces using techniques of computational contact mechanics, such as the master-slave
concept, the node-to-surface pairing, and the gap equation. As the solid phase is defined by
the Lagrangian description, conventional contact formulations are directly applicable to the
FSI system, and the stabilized Lagrange multiplier method is used in this research. Thus,
the implementation of the contact formulation is much easier than with the full-Eulerian FSI
method. Interfaces in the Eulerian system are defined by the level set projection method to
capture the deformation of disconnected solid structures correctly. By introducing the level
set projection method into a monolithic solution strategy for the FSI system, the update of
geometry is automatically performed as the solution converges. Steady-state FSI problems
with large deformations were computed by the Lagrangian-immersed FSI method and the
XFEM. The ability to compute steady-state FSI problems with large deformations is a great

advantage for the applications such as the optimization. A transient multibody FSI-contact
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problem was also studied. The Lagrangian-immersed FSI method using the XFEM was able
to predict the response of a complex FSI-contact system without the limitation on large de-
formation as the ALE-FSI method has. While the Lagrangian-immersed FSI method using
the XFEM is an attractive method in terms of the high capability for the FSI-contact prob-
lems and the easiness of the implementation, the drawback of temporal interpolation errors
by moving interfaces exist due to the time stepping schemes. Thus, this method should be
combined with the space-time XFEM for the accurate evaluation of the effect of moving
interfaces used in the fluid domain.

Finally, the combination of the space-time XFEM and the Lagrangian-immersed FSI
method was proposed. FSI is modeled between non-matching space-time interfaces defined
by separate Lagrangian and Eulerian space-time slabs. The integration scheme for space-time
F'SI uses techniques of computational contact mechanics. The stabilized Lagrange multiplier
method and the level set projection method are expanded into the space-time formulations.
From the studies using two numerical examples; a falling cylinder within a fluid domain and
the Turek-Hron FSI3 benchmark problem, the potential of the proposed combination for
FSI with large deformation was demonstrated. A multibody FSI-contact problem was also
computed. As the space-time XFEM can avoid temporal interpolation errors due to moving
interfaces, stable and robust computation for the FSI-contact problems was achieved.

Owing to the elegance of the fixed grid approach in a fluid domain and the space-time
formulation, the Lagrangian-immersed FSI method using the space-time XFEM is a promis-
ing method which has interesting capabilities for complex FSI-contact problems. The ability
to model large deformations and contact simultaneously within the FSI system presents
a significant process in simulating complex FSI problems. This method is not limited to
the fluid-structure interaction and also applicable to various types of complex multi-physics
problems including moving interfaces, such as the interaction between the Lagrangian and

Eulerian solids, the immiscible multiphase fluid problem, the interaction of a structure and
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electromagnetic fields, and acoustic-structure interaction. Based on the proposed method,
the realization of the flexible computation for complex multi-physics analysis is able to extend

greatly the range of the product design in the industrial world.

8.2 Future Works

The computational methods presented in this thesis are promising for complex geometries
and multi-physics systems, but these methods are still in the developing stage. This section
summarizes future prospects and open questions to be clarified for the space-time XFEM

and the Lagrangian-immersed FSI method.

(1) Extension to spatially three-dimensional problems

In this thesis, the space-time XFEM and the Lagrangian-immersed FSI method were
studied using spatially two-dimensional problems. To demonstrate the versatility of the
proposed methods, the extension of the proposed methods into spatially three-dimensional
problems should be the next step. As the elementwise temporal layer approach and the FSI
between non-matching space-time interfaces based on the node-to-surface method are directly
applicable to 3D, there are no fundamental hurdles for this extension. The challenging point
is the contact formulation. Currently, the surface-to-surface paring is used in the contact
formulation, following the work of Lawry and Maute [75]. The contact algorithm based on
the node-to-surface pairing is preferable for 3D analysis. Furthermore, the combination of
the proposed method and hierarchical mesh refinement would enhance both the accuracy

and computational efficiency for large-scale 3D problems.

(2) Modification of FSI between non-matching interfaces

FSI in the Lagrangian-immersed FSI method is computed by boundary integrals between

non-matching interfaces based on Nitsche’s method. In some cases, physical quantities of the
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Eulerian system (e.g. drag and lift force) have non-physical fluctuations in time even if when
the space-time XFEM is used. It is assumed that these fluctuations mainly originate from
FSI on non-matching interfaces. Enhancing the accuracy and stability of the FSI boundary
integrals is recommended. Studies could include: the parameter study of the penalty coeffi-
cients for Nitsche’s method, and the change of the coupling method from Nitsche’s method

to other methods, such as the Lagrange multiplier method.

(3) Optimization based on Lagrangian-immersed FSI method

This thesis presented only forward analysis. As an application, topology optimization of
steady-state and transient FSI problems including large deformation and contact could be
computed by the Lagrangian-immersed FSI method. As Lagrangian and Eulerian systems
are completely disconnected in the Lagrangian-immersed F'SI method, this feature simplifies

the adjoint sensitivity analysis for the gradient-based design optimization.

(4) Application to various multi-physics problems

The proposed combination of the space-time XFEM and the Lagrangian-immersed FSI
method is not limited to fluid-structure interaction, but it provides a computational frame-
work for complex multi-physics problems. Tire simulation on snow or soil could be computed
as the interaction between Lagrangian and Eulerian solids based on the proposed method.
The proposed method would be directly applicable to acoustic-structure interaction in the
presence of moving interfaces [117], and interaction between a structure and the electro-
magnetic field. The latter would allow studying the Meissner effect (superconductivity) and

applications to industrial products, such as Maglev systems [118].
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Appendix A

Material Constitutive Laws

This appendix summarizes the theory and the numerical implementation of the material

constitutive laws related to this thesis.

A.1 TIsotropic Linear Elastic Material Constitutive Law

The most basic constitutive law is the isotropic linear elastic material constitutive law
based on the infinitesimal small strain theory. The general form of the linear elastic material

is as follows:

Oij = Dz’jklfkl ) (A-l)
1 a’UJz 8Uj
TG <axj + axi> ’ (#.2)

where €, and o;; are the infinitesimal small strain tensor and the Cauchy stress tensor,
respectively. D;ji is the constitutive tensor. By applying the assumption of the isotropic
material, the following symmetries are required based on the symmetry of the stress tensor

0;; and the strain tensor j:
Dijii = Djity = Dijik = Diaij - (A.3)

Using the engineering strain €, the following representation is mainly used for the isotropic

linear elastic material constitutive law (assuming two-dimensional case):
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Oy Dy Dy O Eax
o = oy | = Dis Doy 0 Eyy = De . (A4)
Ozy 0 0 D33 ngy

The tangential operators for the isotropic linear elastic material with respect to the nodal
displacement u is as follows:

oo Oe

A.2 Hyperelastic Material Constitutive Law

Section A.1 is limited to the case of the infinitesimal small strain. The assumption of
the infinitesimal small strain is valid when the rigidity of the structure is high enough and
the applicable deformation is relatively small. In general, the structures made by metals fit
into this assumption. On the other hand, the structures affected by the large deformation,
especially in the case that the elastic modulus is relatively small, its assumption breaks down.
It is essential to treat finite strains and consider the geometric nonlinearity of the material.
The most common example of this kind of material is the rubber.

While there are several nonlinear constitutive laws, the most popular type is the hyper-
elastic material constitutive law. The hyperelastic material is defined by the hyperelastic
function (strain energy density function) W. The discussion of this section based on Kyoya

[119] and Kim [120]. In addition, the following notations are used in this section.
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Table A.1: Notation for material constitutive law
Notation Property

%14 hyperelastic function

F =F;; deformation gradient tensor

C = Cyy; right Cauchy-Green tensor

B = B;; left Cauchy-Green tensor

E = FE;; Green-Lagrange strain tensor

e =€ Euler-Almansi strain tensor

P =P,; first Piola-Kirchhoff stress tensor

S =1J  second Piola-Kirchhoff stress tensor
o =o0;;  Cauchy stress tensor

A.2.1 Objectivity of Hyperelastic Material Constitutive Law

An important characteristic of the hyperelastic material constitutive law is the objectivity.
The objectivity means that the hyperelastic function (strain energy density function) W does
not have the influence of the rigid-body rotation. This is because that W should have the
unique value for all observers.

Assuming the deformation gradient tensor F' is given at a material point X, the hyper-

elastic function can be interpreted by the function of F:
W= W(F(X)) (A6)

Based on (A.6), the first Piola-Kirchhoff (first PK) stress tensor P, which is the conjugate
stress tensor of the deformation gradient F', is computed by differencing W with respect to
F:

Cow
- OFy

Py (A.7)

However, the deformation gradient F' has the influence of the rigid-body rotation R. F' is

decomposed by the appropriate rotation tensor R and the stretch tensor U (or V') by the
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polar decomposition:
F=RU=VR. (A.8)
Satisfying the objectivity, W should be a function of the stretch part U (or V):
W=W(F)=W(QRU)=W(U) . (A.9)

The left Cauchy-Green tensor C' and the Green-Lagrange strain tensor F also have the

rotational invariance because C' and E are defined only by the stretch part of F':

C=F'"F=(RU)'RU =U"R'RU =U"IU =U"U (. R"=R"), (A.10)

1 1
E:§(C—I) ZE(UTU—I). (A.11)
Therefore, the second Piola-Kirchhoff (second PK) stress tensor S is directly computed by
differencing W with respect to its conjugate strain tensor E, by satisfying the objectivity of

the constitutive law:

ow

Sry = : A12
b= S (A12)
The first PK stress P and the Cauchy stress o are computed from S as follows:
P=FS, (A.13)
oc=J'FSF" | (A.14)

where J = det F. Based on the total Lagrangian formulation, P is the appropriate stress

measure. Based on the updated Lagrangian formulation, o is the appropriate stress measure.
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A.2.2 Tangential Operator of Stress Tensor

For the computation of the momentum equation, tangential operators of the stress with
respect to the nodal displacement u are essential. Followings are the tangential operators of

P and o for the total and updated Lagrangian formulation respectively:

oP OF oS

- 2 == Al

ou E)uS o (A.15)

do L OF o .08 o . JOFT  ,0J T

S J S SF*+J F@uF +J FSau J 8uFSF . (A.16)
In the following section, 22 is only denoted. (A.15) and (A.16) are used for the computation

of the tangential operators. In addition, following derivatives of C' and C~! are beneficial

for the above tangential operators:

oC  OFT rOF

ou " ou DT Gu (A17)
il 00,

G =T (A.18)

A.2.3 Hyperelastic Constitutive Law based on F, C' and F

This section summarizes the representative hyperelastic constitutive laws defined by C

and FE directly.

A.2.3.1 Compressible St. Venant-Kirchhoff Material

The St. Venant-Kirchhoff material is a geometrically-nonlinear materially-linear hypere-

lastic material constitutive law. W and S are defined as follows:

W :%)\(TY(E))2 + uTr(E?) (A.19)
ow

S[J = = )\Tf(E)é[J + 2/1/E[J s (AQO)
0E;;
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where A and p are the Lamé’s constants defined as follows:

v® s
(T (A.21)
1 S

where E? is the Young’s modulus and v is the Poisson’s ratio. The tangential operator of

S with respect to the nodal displacement w is as follows:

081y
ou

OEr;
ou

0Cry

1
_ — 2
2()\(5[]4‘ H) ou

= (Ao + 2u) (A.23)

A.2.3.2 Compressible Neo-Hookean Material (Belytchko’s Form)

Belytschko et al. [107] proposed a geometrically and materially nonlinear material con-
stitutive law using C' directly. J = det F' also has the objectivity. This constitutive law is

widely used in this thesis for FSI and contact. W and S are defined as follows:

w :%)\(ln(det F))2 + %u(Tr(C) —3) — pln(det F)

:%)\(ln J)2 + %u(Tr(C) —3) —plnJ, (A.24)
ow

Sy =2 =(AnJ — p)Cr} + uésry . (A.25)
9C1,

where A and p are the Lamé’s constants. The tangential operator of S with respect to nodal

displacement w is as follows:

8S1;,  AOJ
85 =552 Ci + (] — )

o0}
ou

(A.26)

A.2.4 Hyperelastic Constitutive Law based on Reduced Invariants of C

Widely-used hyperelastic constitutive laws are defined by the invariants of the right
Cauchy-Green tensor C'. This section first summarizes the hyperelastic constitutive laws

based on the standard invariants of the Cauchy-Green tensor. The second Piola-Kirchhoff
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(second PK) stress tensor Sy; (A.12) is modified as follows:

oW oW
51 OFE;; 2 aC;, (A.27)

From here, the hyperelastic functions defined by standard invariants of the right Cauchy-

Green tensor C' are assumed and then, (A.13) is modified as follows:

ow 0lcy OW +28ICQ ow +28103 ow

Srr=2 =2 A28
Y 0Cy  T9C1 0ler  T0C1; 0lcy  T9C1y dlgs (A.28)
where Ioq, Ico and Ios are the standard invariants of C, and Iog = J*:
Ioy =TeC (A.29)
1 1
Iz =5 [(T]ro)2 - TrCQ} = 5([31 —TrC?) , (A.30)
Ios =detC = (det F)* = J* . (A.31)
Derivatives of the standard invariants with respect to C' are denoted as follows:
0lc 8(TrC) 0CkK
= =9 A.32
oCy; — 9Cr; — 9Cy (A.52)
8]@2 _ 7 8[01 _ 18(Tr02) S — 18(CKLCLK)
ac;, — “tac 2 aCy, T
10(CkC
= Ic1015 — 19(CkiCre) _ = Ic1015 — 0k1007Ckr = Ic1d1y — Cry (A.33)
2 0Cy,
8[03 8(det C) -7 1
6C]J aCIJ det C(O )[J det C(O )]J ( )

(A.34) is derived from the Gateaux derivative (directional derivative) and the detail is sum-
marized in Appendix A.3. Therefore, the second PK stress tensor S is computed as follows

(I denotes an identity matrix):

e Second PK Stress (Index Notation)

8W ow
Sry = 8[01 —0r + 26[(;2 (Ic1015 — Cry) +2J°

ow
O0lcs

(CHy1s, (A.35)
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e Second PK Stress (Matrix Notation)

oW ; +2 all (Iend = C) + 02 W 1 (A.36)

=2
o 0l 0l Olcs

Many popular hyperelastic material constitutive laws are defined by reduced invariants
Zei(i = 1 ~ 3) of C. For example, the Mooney-Rivlin (MR) material should be defined by the
reduced invariants Z¢;, not by the standard invariants I;. If a MR material is defined by the
standard invariants, stresses are evaluated as non-zero values when there is no deformation
(zero strain state). To escape from this problem, the definition by reduced invariants is an
efficient way. In the following discussion, the hyperelastic material constitutive law is defined
by the reduced invariants of C'is discussed. First, the reduced invariants Zy; are defined by

the standard invariants Io; as follows:

ICl = 155/3101 = 15?}/3[01 s (A37)
Too =T Ieo = 152 1y (A.38)
Tos = 17 = (detC)? = detF = J . (A.39)

Derivatives of the above reduced invariants with respect to C' are computed as follows, using

(A.31) - (A.34):

0Lcr  —130lcn 1 __yy3. Oleos
= -3 1 A.40
aCr, % acy, 37 ““'acy, (A-40)
_ 1 __
= Ioy%01s — §Ic§/3101103(0_1)1J (A.41)
_ 1
= Ig3"? (51J - 5101(0_1)1J> : (A.42)
0Lcy 9300y 2 53, Oleos
=1 — 1 A.43
aCr, % ac;, 3¢ "“acy, (A43)
_ 2 _
= I3 (Icnb1s — Cry) — gIC;’/?’1021(,3(c—l)u (A.44)
_ 2
= Icg?/g (10151J —Cry— 5102(0_1)1J) , (A.45)
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0Lcy 1 _1p0lcs 1 10, 4
aC[J - 9 C3 aCIJ - 2103 (C )IJ : (A46)

The second PK stress defined by the reduced invariants is as follows:

OW  OTey OW 0Ty OW 0Ty OW
=2 =92 2 2 .
510 = 25 = 250, 9T T 290y, 070 T 20C,, 010

(A.47)

By substituting (A.42) - (A.46), the second PK stress tensor S is computed as follows using

Ic3 = J?. These equations are corresponding to (A.35) and (A.36):

e Second PK Stress (Index Notation)

ow ([ __ 1 B
SIJ :281.01 (J 2/3(51J - 5101(0 1)1J>
aW _ _ 2 _ aW B
+ 26_102 <J 23T 16y — J 30, — gZoz(C' 1)IJ) + Tom JC™N,  (A48)
e Second PK Stress (Matrix Notation)
ow -1
=2 _2/3I — -1
o 0Zcy (J 3 c1C™)
ow ; 2 oW
2o | T Ten] = SO~ STy O Jo A.49
* 8102( “ 37¢2 T 0Tcs ( )

A.2.4.1 Compressible Material

This section denotes some popular hyperelastic material constitutive laws based on re-
duced invariants for the compressible material. The general form of the hyperelastic function
is defined as follows:

W (Zer, Tea, J) = i Crnp(Zor — 3)™ (T — 3)"(J — 1)7 (A.50)

m-+n+p=1

where C,p,;, is a coefficient of each term.
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e Compressible Mooney-Rivlin Material
The hyperelastic function W of the Mooney-Rivlin model and its derivatives with respect to

reduced invariants as follows:

W(Icl,ICQ, J) = 010(101 — 3) + COl(ICQ — 3) + Dl(J — 1)2 s (A51)
ow ow
pu— p— A. 2
al-ol 81-31 10 , ( b )
ow ow
p— p— A-
Lo Lo Co1 ( 53)
ow ow
= =2D —1). A.54
Tow  9Tmm 1(J—1) (A.54)

The second PK stress tensor and its tangential operator are defined as follows based on

matrix forms:

S =— 2J74/301()C -+ 2;]72/3(610 + 101001)I~

2
+ |:—§(1—01010 +ICQC()1) + 2D1(J — 1)J:| C_l , (A55)
0S 4 ~ oC
% :§J_4/3 |:261()I — (010 + 2I01601)C_1:| %
4 oC—1
— [5(2101010 -+ 5102001) + D1J:| ou . (A56)

A.2.4.2 Incompressible Material

Considering the incompressible solid material (v = 0.5), the third invariant I3 is always

1 (I3 = J*> = 1). Therefore, the standard invariants and the reduced invariants are exactly

identical in this case:

Ior = 15" Ien = Ien (A.57)
Ion = 155/3102 =lIca (A.58)
Tos =10 =J=1. (A.59)
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The hyperelastic function W is defined by the standard invariants in this discussion. In
addition, the hydrostatic pressure p should be introduced as a volume and non-deterministic
contribution from the deformation. Therefore, the hyperelastic function for the incompress-

ible material is denoted as follows:

o0

W(Ier,Ic2) = Y (C,m(fc1 —3)™(I — 3)”) —p(J—1). (A.60)

m+n=1

As denoted at the above equation, the hydrostatic pressure p is a Lagrange multiplier for

the incompressibility J = 1 mathematically.

e Incompressible Mooney-Rivlin Material
The hyperelastic function W of the incompressible Mooney-Rivlin model and its derivatives

with respect to the standard invariants are as follows:

W(ICl, _[02) = 010(101 — 3) + 001(102 - 3) - p(J - 1) (AG].)
oW ow
ooy 31—31 = C10 (A.62)
oW ow
a[CZ = 81—32 = (o1 (A63)
oW
57 =P (A.64)

The second PK stress tensor and its tangential operator are defined as follows based on

matrix forms:

S =—pC~" + Siey (A.65)
= 2
Sdev = — 26010 + 2(010 -+ IClcgl)I — 5([01610 + 2[02001)071 (A66)
0Sgev 2 o, 4 -|loC 2 oCc—t
8:1, = [—5(010 + 2Ic1c1)C 7 + 30011 v 5(101010 + 2Icacor) o (A.67)

where Sge, represents the deviatoric part of S.
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e Incompressible Yeoh Material

W(ICl) = 010(101 — 3) + 020(101 — 3)2 + 030(101 — 3)3 +p(J — 1) (A68)
oW oW
- - 010 + 2020([01 - 3) + 3030([01 - 3)2 (A69)
0lcn O0Ilp
oW
57 =P (A.70)

e Incompressible Ogden Material

£1F

WAL Aoy Ag) = Z BG4 A8 A3 = 3) 4+ p(J — 1) (A.71)
i=1

A.3 Derivative of Determinant

Considering the derivative of the determinant of a tensor C' with respect to C', this
derivative is derived from the Gateaux derivative (directional derivative) of the following

scalar triplet product. Assuming arbitrary vectors a1, as and as, then:
F(C) = (Cay)" (Cay x Casz) = |Cay, Cay, Cas| = detClay, az, as| . (A.72)

The Gateaux derivative of (A.72) is defined as follows:

z(o)ac) = ZC d*}; hAC) (A.73)
h=0
- % (C + hAC)ar, (C + hAC)ay, (C + hAC)ay| (A.74)

h=0

= |ACG1,CGQ,CG3| + |Ca1,AC’a2, CCL3| + |C’a1, CCLQ,ACCLg‘ (A75)

= |(AC)C_1CCL1, Cag, Ca3| + |C’a1, (AC’)C’_lCag, Ca3|

+ |C’a1, CCLQ, (AC)C_10G3| (A76)
= Tr(ACC)|Cay, Casy, Cas| (A.77)
= Tr(ACC1)detClay, ay, a3 (A.78)
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= (detC’)C'_T : AC|a1,a2,a3| . (A79)

On the other hand, this Gateaux derivative can be solved by the different way as follows:

zo)ac) = 4ZLC s hAC) (A.80)
det(C' + hAC)
= ( dh ) |a'17a'27a’3| (AS]‘)
h=0
J(detC)
= 80” (AC’)ij|a1, as, 0,3| (A82)
- _ 9(detC) é; A;F (AC)wéréf |ar, az, as (A.83)
0C;;
0(detC
= (866' ) . AC|01, Qas, a,3| . (A84)

Therefore, the derivative of the determinant of C' is defined as follows based on the compar-

ison of (A.79) and (A.84):

J(detC)

= (detC)C" = (detF)2C~! = 2C! (- T =C) . (A.85)

oC

a
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Appendix B

Nitsche’s Method for Cauchy Momentum Equation

In this appendix, Nitsche’s formulation for the Cauchy momentum equation is summa-
rized by referencing [121, 72]. This appendix assumes the infinitesimal small strain in the

solid phase for simplicity.

B.1 Cauchy Momentum Equation

The following Cauchy momentum equation is derived from the conservation of the mo-

mentum:

Dui _ 9oy

T Bl

where v; is the velocity, b; is the body force, p is the density, and o;; is the Cauchy stress
tensor. The generalized constitutive equation is defined by the fourth order constitutive

tensor D;ji; and the generalized strain tensor e;;:
0ij = 0ij(@) = Dijuen(a) , (B.2)

where e;; is defined as follows:

1/0a; Oa;
eii(a) = eji(a) = 3 (am + 8;) : (B.3)
j i

In (B.3), a; are the characteristic physical quantities. In the solid analysis, e;; is the strain

tensor and a; is the solid displacement w;. In the fluid analysis, e;; is the strain rate tensor

and a; is the fluid velocity v;.
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B.2 Constitutive Tensor

The constitutive D;;; has the following symmetries to meet the request of the symmetry
of the Cauchy stress tensor o;;, the strain tensor e;; and the definition of the strain energy

function W:
Dijti = Djirg = Dijik = Dirij - (B.4)

Followings are the basic constitutive laws of the solid and the fluid.

e Isotropic Linear Elastic Solid Material

a; = U; , (B5)
Dijry = X040k + 2p°041.051 (B.6)

where A\® and p° are the Lamé’s constants of the solid material. g; is the body force constant.

e Compressible Newtonian Fluid

a; = V; (B~8)
2
Djjiy = —§Mf5ij5kl TR (B.9)
Jp
bi=pgi— 5~ (B.10)

where i is the dynamic viscosity and p is the pressure of the fluid. Note that the Stokes
assumption is applied to (B.9). Using these definition, the Cauchy momentum equation

(B.1) is identical to the Navier-Stokes (NS) equation.
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e Incompressible Newtonian Fluid

— (B.11)

Dijig = 241" 03651 (B.12)
dp

b = pgi — 2P B.13

P9~ B (B.13)

Using these definition, the Cauchy momentum equation (B.1) is identical to the incompress-

ible Navier-Stokes (INS) equation.

B.3 Weak Form of Cauchy Momentum Equation

In this section, the weak form of the Cauchy momentum equation is considered. First,

the Cauchy momentum equation is divided as follows:

8aij(a,) D’Ui
- = - = fi B.14
oz, Py TU= S (B.14)
1 da da
oij(@) = Dijuen(a) = 5 Dijn (8_:1;1; + 8_33,1) : (B.15)

The weak form of (B.14) is modified as follows:
K K j Ok

x]- j K

/ dQ g—waij(a) - / dQ wf; + / dT woji(a)h; | (B.17)
K Ty K Ok

J

where w is an admissible test function. Similarly, the weak form of (B.15) is as follows, using

other test functions ¢;:

/dQ gjoij(a) = /dQ ¢;Dijrien(a) . (B.18)

K K
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The summary of these weak forms are:

ow
/dQ Uz]( ):/dQ wfl+/ dI’ ’U)O']Z(a)ﬁ] s (Blg)
K 81'] K Ok
/dQ qjaij(a,) :/dQ quijklekl(a) . (B20)
Based on the standard Galerkin method, w = dv; and ¢; = g;” = %‘;”l, then:
65’01' ~
d§2 %O}'j(a’) = dQ) 61}1]‘; + dl’ 5viaji(a)nj s (B21)
K J K Ok

Adv; ddv;
/dQ a—v%( a)= /dQ Ui —— Dijuen(a) = /dQ €ij(0v) Dijren(a)
K Lj K a Ly f
Z/dQ 62']'(5’0)Dklij€kl(a) = /dQ O-ij((sv)eij(a’>

_ 2/dQ 8011(5’0) Z+1/a Al o4 (6v)h;a;

817j 2
Jo;j(0v) 1 R
2 /HdQ 8—%0,]‘ + 5 /aK dl’ Jij(év)niaj . (B22)

B.4 Weak Form for Nitsche’s Method

The main idea of Nitsche’s method is to introduce the numerical flux into the boundary

integrals of (B.19) and (B.20):

oovl"
QO —(a™) = Q ™M fm T dv™a™ (a™)n™ B.2
/Hd axj 0j (G, ) //;d 5’02 fz +/8‘nd 5vz 0']1(0, )n] ) ( 3)
8(57} ms._.m 1 80‘17?(5’0771) m 1 m m\sam m
/ndQ o, oli(a )——§Aan—%ai +§AHdF0iJ(5v nya;
1 80 (5,0 ) m 1 m myam . m

o;; and uy" are the approximated values at the boundary integrals. The upper subscript m
represents the phase (m = 1,2). The first and third terms of the RHS of (B.24) can be

rewritten as follows using (B.22):

a -
81& J

1 c’)a (ov™) m 1/dQ don(sv™)
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65,0 m m 1 m m\Am m 1 m myaAm m
m 1 m my\,m m 1 m my\am m
m 1 m my\,m _m ]' m my\am m

(B.27) do not include the numerical flux. Substituting (B.27) to (B.24), then the weak form

is summarized as follows:

/ﬁdQ U n(qmy = /an (bv™)el (a™) - /%dra (Go™il(al —a")  (B.28)

813j
= / dQ 6u [ + / dr §u"G " (@™ (B.29)

K Ok

/K dQ ol (Sv™)elt (a™) — / S v fi"

K

/ 0T o7 (So™)AM (@ — ) — / 0T 6o (@™ =0 (B.30)
oK Ok

B.5 Symmetric Nitsche Formulation

This section focuses on the symmetric Nitsche formulation. Based on the symmetric

Nitsche formulation, the numerical fluxes; @;" and ¢}, are defined as follows. I'p and Iy

@5

mean the Dirichlet boundary and the interface between two phases, respectively:

On Dirichlet Boundary (I'p)

ay = a: = a onTp, (B.31)
G =0y, 01 =05 onIp , (B.32)

—(a; +a}) = {a;} on Iy, (B.33)
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1
Gy =05 = 2(01'13' +07) —a(v; —v))n; = {0y} —afu]n;  onTy. (B.34)

By introducing these definition of the numerical flux (B.31) - (B.34) into (B.30), the weak

form for one element is denoted as follows:
/dQ o (5'0 )l (am) /dQ o "
— / dl o (0v™ )" / dl ov" o5 (a™ )
IrCI'p OkCI'p
—/ drl’ o}’ (5'0 ) T(al* —{a;}) —/ dr’ 5vg’1{oji}ﬁ;”
OkCI'p OkCI'p
+ a/ dr 6o} [v;] (A;AT") =0 . (B.35)
OkCI'p

By integrating over all elements, (B.35) is summarized as follows.

/man (Gv™)e! (am)—/mdQ su
- / _dU o (0™ (o] — @) — / _dU oviafi(a™)ng!
/FIdFa (6v™)i! (;n—{ai})—/ﬁdP ov;*{oi}n]"
a/rldl“ s o] (RbAT) = 0 (B.36)

where ™ represents the volume of the phase m and I'f) is the Dirichlet boundary of the
phase m. The boundary integrals of (B.36) at the interface for each phase (m = 1,2) are

simplified as follows:

Boundary Integral on Interface for Phase 1

/FdFa (6v")As(a; — {a;i}) — /FdF 5v}{aﬁ}ﬁ}+a/ dr v/ [vi](Rjns)  (B.37)

I

= % dr o (0v")n}[ai] —/ dr v} {oji}n; +a/ dl 6v; [vs] (B.38)
Iy Iy

I

1 is used.

nl =
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Boundary Integral on Interface for Phase 2

/FdFa (6v*)n2 (a7 — {a;}) — /FdF 5v§{aﬁ}ﬁ§+a/ dr 6vifvi](R5n))  (B.39)

I
11 . PR
/r dr o7, (6v*)n 2(a2 —aj) + /r dr 6vi{oji}n; — oz/F dr 607 [v;](Rjn;) (B.40)
_ ;/ 0T o2 (50%)i! [as] + /dF 51)3{0]-2-}@;—@/ dr 5v2vi] | (B.A1)
FI l—‘I FI

where nj2 —ﬁ} is used at the interface.

B.5.1 Symmetric Nitsche Method for Pure Structural or Pure Fluid Analysis

This section considers the pure solid analysis or the pure fluid analysis, which does not
include fluid-structure interaction (FSI). Using (B.36), (B.38) and (B.41), the weak form for

the whole system is summarized as follows:

m=1 m=1 am
2 2

-> / dr o (5v™)Al (" —af') — Y / dr 6v"a" (™R’
m=1 gl m=1 an

_ / 0T {60} o] — / 0 [u{o, )0} + o / dr [50,] [v] =0 | (B.42)
Iy Iy Iy

where a; is the displacement w; in the solid phase or the velocity v; in the fluid phase. {do;}

means the averaged stress. The strategy for the averaged stress is described in Section 5.5.2.

B.5.2 Symmetric Nitsche Method for FSI Analysis

This section considers the weak form of the symmetric Nitsche formulation for the FSI
analysis. Assuming the phase f as the fluid phase and the phase s as the solid phase,

respectively, Then, the weak form is denoted as follows:

dQ ol (ov™ Q) ov" f"
> f, e -3 [

m=f,s
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/ dr o (sv™)al Z/ dr 6va" (™R
Fm m

m=f,s m=f,s
21 / 0T of (507 )i [u.] - / 0T 60! {o;:}] — a / dr 60! o]
2 FI FI 1—‘I
- % / dT o3, (6v° )] [ug] + / dr 6vi{o; )l + a / dr 6v[vi] (B.43)
Iy I'r Iy
= aQ o (Sv™ / dQ s f
m:zf /g; ( mzfs K f
- Z/ dr o (Sv™)A (0 — af" Z/ dr 55" (a™ )i
m=f,s D m=f,s D
1 1 )
/ dl’ o] (5'0 ) o] - —/ dr afj(dvs)nj [ui]
2 I 2 Jr,
- / 0T [Sui{oy}al + o / dr [5v] [o] = 0, (B.44)
It I

Following the works of Hansbo et al.[74], Jenkins et al.[102] and Mayer et al.[70], the traction
from the fluid side is used as the traction at the interface, which is the traditional FSI
approach that forces are transferred from the fluid phase to the solid phase rather than its

{0s;} = 1(alfj('vf) + afj(us)) — olfj('vf) , (B.45)
; /F 0T o3, (60° )i [us] — / 0T ol (60! [ui] (B.46)

Substituting (B.45) and (B.46) to (B.44), the weak form for FSI is summarized as follows:

dQ ol (6v™ Qo "
PRI Z/

m=f,s m=f,s
—Z/ dr o (Sv™)R" (0 — a}" Z/ dr sv"5 " (a™)A
m=f,s D m=f,s D
! o f 5 _
—/F dr’ aij(évf)nj [v:] _/1“ dr ﬂévi]]aji('vf)nj +a/F dl [ov] [vi] =0 . (B.47)
I I I
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If the normal vector from the solid phase to the fluid phase n® is used, then (B.47) is as

follows:

Z/ dQ) o} (Jv™) Z/ dsy svp £
m=f,s am "

/Fde‘a(éfu) a;

=fs

m=f,s

Z /mddem ji(a™)nt

+/r dr a{j(dvf)ﬁj[[vi]] -I—/F dr ﬂévi]]aji(vf)ﬁj —|—oz/F dr [ov;] [vi] =0 (B.48)
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Appendix C

Nitsche’s Method for Non-Matching Interfaces

This appendix summarizes the derivation of the FSI boundary integrals for the Lagrangian-
immersed FSI method denoted in Section 6.4. The Lagrangian-immersed FSI method per-
forms the FSI boundary integrals between the non-matching Eulerian and Lagrangian inter-
faces. Based on the master-slave concept, the Eulerian interface is the master interface and
the Lagrangian interface is the slave interface. The boundary contributions of the solid and
fluid momentum equations are enforced by Nitsche’s method. These boundary contributions
RS and RE' originate from the boundary integrals of the momentum equations, and they

are defined on the different interfaces; the Lagrangian interface I'r, and the Eulerian interface

FEI
RE = [ dr SO @)y =~ [ dT 60z} (0 (C1)
I'Lo 'L
RE = —/ dl 5vfa£(vf,pf)n£j : (C.2)
I'e

where II7; is the first Piola-Kirchhoff stress tensor of the solid phase, o7; is the Cauchy stress
tensor of the solid phase, and ozfj is the Cauchy stress tensor of the fluid phase. nf,; and nj
represent the undeformed and deformed Lagrangian normals from the solid phase. n]{;j is the
Eulerian normal from the fluid phase. (C.1) denotes both the total and update Lagrangian
formulations. In the following discussion, the updated Lagrangian formulation, i.e. the last

term of (C.1), is used. In (C.1) and (C.2), the compressible solid and the incompressible

Navier-Stokes fluid are assumed. The key operation of Nitsche’s method is to replace the

/

actual stress tensors; o7; and o;;, with the stress tensors with artificial numerical fluxes; 7

www.manaraa.com



299

and 55;. In addition, the numerical fluxes of the fluid velocity ﬁf is introduced to enforce

f

the continuity of the velocity on the interface. v; is an approximation of vzf on an interface

(v/ — &/ = 0), then:

RS — / dr §U5%ms, — / 0 {60}, (UF — ) (C.3)
I'y Iy
RS — — /F 0T 60/5tnL, — /F 0T {50l (of — o) (C.4)

where 50% denotes a tangential stress operator of the Cauchy stress af} for phase p = {s, f}.
The numerical flux of the solid displacement U7 will be removed later. In this section, [-]
denotes the jump operator and {-} denotes the weighted-average operator between the solid

and fluid phase:
[a] = a* —a | (C.5)

{a} = x*a® + kla’ (K + Kl =1). (C.6)

In this research, the shear modulus weighting (6.52) - (6.56) is used as a strategy for the
weighted-average operator {-}.

In addition, the master-slave concept is used in the Lagrangian-immersed FSI; see Section
6.2.3. The boundary integrals on the Lagrangian interface R® are computed on the master

(Eulerian) interface I'y. Therefore, (C.3) is modified as follows:
R = _/ dr §USG5ni _/ dr {0aisni; (U7 = U7) (C.7)
FE 1—‘E
RE = _/1“ dr §vf&fjn£j _/r dl’ {501‘]‘}”@]'(”{ -al). (C.8)
E E

The symmetric Nitsche’s method for the standard interface, such as the mulitiphase

flow, the ALE-FSI method and the full-Eulerian FSI method, assumes the numerical fluxes
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as follows:
Y
vl = é(Vi + ), (C.9)
113 = {Iis} = 0™ uilng, (C.10)
5ifj = {0y} — ™ [vins . (C.11)

where [v;] = V* — v/ and the normal of the solid phase is used above. The Lagrangian-
immersed FSI method uses the non-matching interfaces for fluid-structure interaction. As
the solid displacement U and the solid velocity V;* are defined only on I'y, the projected
values of U7 and V;® are necessary from the viewpoint of integrals on the master interface
I'g. Hence, the more precise descriptions of (C.9) - (C.11) for the Lagrangian-immersed FSI

analysis can be denoted as follows:

R

o = S (VL + o)) on I'g , (C.12)
55 = {ou} =™ (V| — ol ), onI'g , (C.13)
ol ={oy} =™V, —vl)nk;,  onTp. (C.14)

where -|FL denotes a projected value from I'g onto I'y. Substituting (C.12) - (C.14) into

(C.7) and (C.8), R and RE! are modified as follows:

i s s 1 s s 178
R /F dr U3 {ousni, — 5 /F 0T {50,k (U — 07)

—f), (C.15)

I,

_|_/ dr (SUS fsi Vs
I'e

fsi f s 1 s f
RE = . dl’ 6’UZ- {aij}nEj - 5 . dl’ {(SUZJ}TZE] V |1" 'U,L-)

—/ dr suln® Vel —of), (C.16)
'y

where the following relationships are used: néz —ngy, ning = 1, and n{'n = 1. The

first integrals of (C.15) and (C.16) are the standard consistency terms, the second integrals
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are the adjoint consistency terms and the third integrals are Nitsche’s penalty terms.
In this work, the adjoint consistency term of the solid side is replaced by the one of the
fluid side for simplicity:

1 1
_i/r dQ {603;}ni,; (U7 —U?) — _5/1“ dl {605 }ng;( VS‘F —of) . (C.17)

This treatment is reasonable because the shear modulus weighting is used and thus, the fluid
stress is dominant at the weighted avarage of the stress {o;;} (.- &/ >> x*). In addition, the
test function of the adjoint consistency term is replaced by the tangential operator of the
fluid stress by following the works of Hansbo et al. [74], Jenkins et al. [101, 102] and Mayer
et al. [70]. This approximation means that the traction from the fluid side is assumed as the
traction at the interface, which is the traditional FSI approach that forces are transferred

from the fluid phase to the solid phase rather than its vice versa:

1 1
_é/r dl' {6075 }ng,;( Vs’F vl) = _5/1“ dl’ o] (5’vf 5p’ )n; ( VS|F —of) . (C.18)

Thus, R¥ and RE for non-matching interfaces are simplified based on the master-slave
concept and the traditional approximation of averaged traction for the adjoint consistency

term:

RF = — / dr §U{ois}ni; + / dr SUsS (V| —of) (C.19)
I'e I'e
Rg :/ dr 6v{oy;}n; _/ dr ol(5v”, 5p )ny ( V5|r )
FE FE
—/ dr ov! n®( VS{F —ol). (C.20)
T'e

Assuming the case that both interfaces I'y, and I'g are perfectly identical like ALE-FSI

method; i.e. T, = 'y = g, the summation of RF and RE' ((C.19) and (C.20)) results in
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the well-known Nitsche’s interface integral:

Rfsi — RE] + R%S}l
dr (5U; — ov]){oi;}(v!, pF)ns — / dr ol (v, op" )ns[vi]

/Ffsi 1—‘fsi

—i—/ dr (8U% — sv)n™[v,] . (C.21)
r

fsi

It should be noted that the summation like (C.21) is not appropriate because RE and RE!
fsi

have different physical dimensions; i.e. R is the work, and RE! is the power. The separate

forms like (C.19) and (C.20) are physically more precise.
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Appendix D

Contact Formulation based on Lagrangian Description

D.1 Outline

This chapter summarizes the theory of the contact formulation for the XFEM based on
Lawry and Maute [75]. The method proposed by Lawry and Maute [75] succeeded i to
compute contact using the XFEM based on the Lagrangian description. In this method, the
frictionless contact model is assumed. There are mainly four steps to deal with contact in
this method. The outline is shown in Figure D.1. In this figure and following description,
upper subscripts m and s represents properties of the master and slave objects. Table D.1
summarizes the notation related to the contact formulation. To represent accurate contact

phenomenon, the following non-penetration condition should be satisfied:
gn>\ = 07 9n > 07 A <0 5 (Dl)

where A is the Lagrange multiplier and corresponds to the contact pressure based on the
standard Lagrange multiplier method. g, is the gap between contact interfaces on both
master and slave surface. ™ is the integration point on the master surface and a* is the

integration point on the slave surface. g, is defined by the material coordinates X and the

displacements U':

_ m, . m __ m
An = ogni'nit =tn]"

gn = (a — )l = (X7 + Up = X" = Ut (D.3)
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(D.1) is identical to the KKT condition. The weak form of the standard Lagrange multiplier

method is as follows:

/ dl 0go\° + / dl 6)%2 =0 . (D.4)
FcO

Teo
The weak forms are evaluated on the contact interface in the initial configuration, I'.y, based
on the total Lagrangian formulation. Here, the gap and the Lagrange multiplier are denoted
as g0 and \° as properties in the initial configuration.

Although contact analysis based on (D.4) can compute the deformation with accurate
contact (accurate displacement field), it is reported that the distribution of contact pressure
tends to become oscillatory [75]. To get the smooth distribution of the contact pressure, the
stabilized Lagrange multiplier method (Wriggers [104], also called as the Uzawa method)

is used in [75]. The weak form of the stabilized Lagrange multiplier method is defined as

follows:
/ dl g2 A0 + / dl SA° (N0 = A" —4.¢%) =0, (D.5)
T'co Teo
S\O _ Hmansmnm + HSHSTSSnS(jS)_ljm : (D6)

where \° is the weighted average of the surface traction along the normal direction, and j? is
the Jacobian of surface area computed by the Nanson’s formula. The condition of weights is
kM + k% = 1. 7, is the penalty factor to prevent penetration. If both interfaces are separate
each other (g2 > 0), \° vanishes and thus, the KKT condition (D.1) is satisfied. If interfaces

penetrate each other, g® becomes zero to satisfy the KKT condition (D.1).
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Stepl: Local Search

Step2: Orientation Check

Compute minimum distance
between contact interfaces

current configuration

Pulling-back

penetration

Step3: Contact Detection

Compute orientation angle
If 8 < m/4 goto step3

Initial configuration

N‘\’N&.

\

Step4: Boundary Integral

Compute gaps at each Gauss
points in the current config.

Stabilized Lagrange multiplier
method in the initial config.

Figure D.1: Contact mechanics for Lagrangian XFEM based on [75]

Table D.1: Notation for frictionless contact mechanics

Property Symbol Relation

interface type P m: Master, s: Slave

undeformed configuration X?

undeformed normal ny;

displacement u?

deformation gradient FP FP = ‘%Z =0, + anz
ij — OX} i X!

current configuration ¥ o =X+ UP

deformed normal n?

contact interface in deformed configuration e

normal gap in deformed configuration In

Lagrange multiplier in deformed configuration A

Jacobian of surface area JP (D.71)

contact interface in undeformed configuration e,

normal gap in undeformed configuration q° 0 = j™g,

Lagrange multiplier in undeformed configuration A0
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D.2 Numerical Implementation of Frictionless Contact Model (FCM)

This section summarizes the numerical implementation of the frictionless contact model

(FCM). In this case, the tangential friction constant is zero.
D.2.1 Gap Equation
The governing equation of the gap ¢° is defined as follows:
R,=zx2"+¢'n" —z°(a) = X"+ U™ + ¢’n" —x*(a) =0, (D.7)
where « is the local coordinate that determines the integral bounds on the slave interface,
and defined by properties on the master interface. Considering a solution vector of (D.7) as

s = (g%, )" and the Newton iteration, the updated solution vector s, is computed from

the previous solution vector s,. Assuming As is the solution increment of s, the Taylor

expansion of R, is defined as follows:

Ry(sp41) = Ry(s, + As)
R,

OR
= R,(s,) + As + O(As?) ~ Ry(s,) + —2 As=0. (D.8)
08 |, s |,
Therefore, the governing equation for the incremental solution vector As = (Ag?, Aa)7T is:
OR Agy ny =% [ A
S As =, = ? - —R, . (D.9)
s A« ' —%f Ao

g° is determined by the solution increment computed by Newton’s method.
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D.2.2 Residuals of Contact Formulation

The weak forms for the contact formulation based on the stabilized Lagrange multiplier

method (Uzawa method) are as follows:

n

Te = / dl' 6¢°X° =0, (D.10)

Iz

= / dl 6X°¢° — [ dD X’ — X0 —4.¢°) =0 . (D.11)
Iy

m m
c0 FCO

In (D.11), the averaged normal traction \° is introduced and its definition is:
A0 = kTS 4 kTSNS (5%) T (0 KT RS = 1), (D.12)

where k™ and k* are weights for the weighted average. Using the local coordinate along the

master interface a, (D.10) and (D.11) are represented as follows:

oxm

S| =0 (D.13)

Te :/ do 6g°\°

1

s B
m= [ da X000 =30~ i)

1

oxm

In the following discussion, the finite element discretization of this frictionless contact model

is discussed. The variations in r. and r) can be denoted as follows:

0g° g g
0¢° = =211 = 2\ ngm D.15
g’n aUta | t > 8Ut3 | t > + aUtm, | t > ’ ( )
S\’ = Ny, | (D.16)

where |-) represents the components of a column vector (based on the notation of quantum
mechanics). In the following discussion, (-| also means the components of a row vector.
U;" and U; are the nodal displacement vector of the master and slave contact interfaces,
including both = and y displacements. U;* means the union of U;"™ and U;. N, is the shape

function vector for the nodal Lagrange multipliers. Using this notation, discretized forms of
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(D.13) and (D.14) by the finite element discretization are denoted by the column vectors:

az 9g° llox™
= n @ D.1
R, . da 8U‘1)\ a 1T (D.17)
R)\E/ da NHA = X0 — 7,6%) % IA%) . (D.18)

D.2.3 Computation of Lagrange Multiplier

In the reference work [75], (D.18) is computed by condensing (D.18) into the elementwise
evaluation. Then, the Lagrange multiplier that is computed elementwise, is applied into

D.17) to compute contact. The computation of the nodal Lagrange multiplier A° is as
(D.17) p p grang p

follows:
o X" o - X"
(/ da NNy 50 |)\°)()\°|))\0 =/ da Nyg(A\° + 7.92) WHM% . (D.19)
aq aq
a2 Xm ag Xm
A= (/ dor NyyNyo a@a ) / da NEA® +7.9%) a_HMO (D.20)
aq a1

The Lagrange multiplier at an arbitrary point a: A°(«), is computed by the above nodal

Lagrange multiplier A’ and N,:
A(@) = Nyo(a)A° . (D.21)

The first derivatives of A" are needed for the computation of the Jacobian for contact:

ON° o
87“1 = (/ dov N;\IEJN)\O

1

oxXm
Oa

oxXm
Ja

—1
) {N%(AO — A0 =)

L:alu‘)) ., (D.22)

DA o2 ox™ N 5 ox™

o [ NATONAO‘ X D {N%(AO—AO—M?L)] X }WM, (D.23)
O\ 2 oxm . [ ON 9g, \ ||[OX™ 0y

g~ (/ o Mol ) /o b o CaUt> "A (D2
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where (D.22) and (D.23) are the derivatives with respect to the upper bound ay and the
lower bound «;. (D.24) is the derivative with respect to the displacement. Moreover, the

derivatives of Lagrange multiplier at an arbitrary point a are computed as follows:

ON° DN

8—0[1(05) = N,\O(oz)a—l , (D.25)
ON° N
O (@) = Nuol) - (D.26)
N N
6U“( a) = Nyo(« )8Ua ) (D.27)

D.2.4 Jacobian of Contact Formulation

Using pre-computed Lagrangian multiplier and its derivatives, the Jacobian correspond-

ing to the contact residual R, is computed as follows:

dRc 8Rc 8RC 8(1/1 8Rc 80[2 8 8(1/2
_ R Joa D.28
dUs ~ U 9oy 0UF | Do OUT * 18Ut tlewgge - (D2)

J._, is a contribution of the partial derivative with respect to the displacement. .J. ,; and
Je_qo are contributions of the upper and lower bounds of the contact integration. Detailed
forms of J._,, J._,1 and J._,o are as follows:

oxm

oeu = [ o Sl 2 | 2 oy
+ /a a da aa;azzvmxo OF " ey (D.29)

Je1—a1 Z/:Qd ggj N/\Og)\f 8;(’” |Uf) (ou |
[(;95@ NyoA? agim L el (D.30)

Je1—a2 2/0:261 gg{: N)\OZA;) 8;(’” |Uf) (|
n {gét Ny %X—am L:a2|Uf><a2|. (D.31)
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D.2.5 Derivatives related to Residual and Jacobian

Necessary derivatives related to the above residuals and Jacobians are summarized in

this section.

m m 2. m 2, M
on™  IOny' 9Pl O ny

oum’ our’ oum?’ oum*

e Derivatives of deformed normal:

8g0 92"

e Derivatives of gap: n n
gap 8Uta aUta2

e Derivatives of bounds of master interface Oay O
vativ e

aUta aUta

D.2.5.1 First Derivative of Deformed Master Normal

This section describes the first derivatives of the deformed master normal. There are
several ways to compute the deformed normal. In this section, the way starting from the
undeformed tangential vector is summarized. First, the undeformed tangential vector %,

which corresponds to a vector along the master interface and not normalized, is defined as

follows:

T
0 = (tg; g;) : (D.32)
The undeformed normal n{' is computed by ¢{":
T
ng = el (g, —m) (D.33)
The deformed tangential vector is computed by using the deformation gradient tensor F"

t" = Pt (D.34)
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Similar to (D.33), the deformed normal n™ is also computed by the deformed tangential

vector t™:

n™ = [t (t;” t;") : (D.35)

To compute the first derivative of n'", the first derivative of the tangential vector ™ is used:

T
T ot IF, 8Fzy m 8N AN, m
ot T e | o aor | [t | [ e oy (UL (D.36)
— — — : ,
(9Utm ot T OFy, OFyy 4m + BNm ¢ aNm Um
au;” ou;  oup Oy 02 g T toy 5,2 (U

where N,, is the shape function vector on the master interface. Using (D.36), the first

derivative of the deformed normal, g{}m, is computed as follows:
on™ ot oty
La—— e —3tmtm tm —3tm2 D.37
S = I S (D.37)
on™ 5 Otm ot
Y || 3em? | e D.38
S = I ey (D.33)

D.2.5.2 Second Derivative of Deformed Master Normal

The second derivative of the deformed master normal is also necessary to compute the
Jacobian for contact. The second derivative of the deformed master normal is also computed

by the tangential vector " as follows:

*nm ot otm T otm ote
T ||gm -5 tm 2tm2 . tm2 T T —_m tm2 o 2tm2 T Y
o gem T otm ot T
— (R o) L gymym D.39
o (t: Y )8Um(9Utm y(?Um(?Um ] ’ ( )
m m m m T
62 ||tm|| -5 tmtm2 at at * o tm(2tm2 - tm2) atz 81;?/
aUm2 = Hum oum vt v loupr our
ot otm T ot ot T

— (2t — 2 tm(em? — m2 . (D4
A s e e s Tt Tl B CX U
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D.2.5.3 First Derivative of Gap

The first derivative of the gap ¢° with respect to the displacement is computed from the

gap equation:

R,=z"+¢’n™ —

() = X"+ U™+ ¢°n™ — X*(a) - U*(a) =0 . (D.41)

Taking derivatives with respect to master and slave displacements: U;" and U;, then:

onm T

OR Ny (U7 Y Y o ozt oo "
SO = aim (U + g | U -
t N, (U ny t s t
(nZ‘ dq° T ox* da Tt ;?CT
= ~ (UM — — = (U + =0, (D.42)
m | oU" Oa U mT
Ty ' ' Coy
OR, [7m:') 040 T<US| N(U;| ox* da T( g
s s tl o s t
8Ut TLZL 8Ut NS<U§| Oa 8Ut
) ag " oz da T P
= = (U7| — U; =0. D.43
" oo - Wi (D.43)
v 9y
(D.42) and (D.43) are summarized as the following matrix form:
A
Jo | T == (. p=A{ms}), (D.44)
Oa Cr
ou? 9y
where J, is the Jacobian for (D.41) and C}; are defined as follows:
nm _ Ozx*
Jo=|" e | (D.45)
7 m oy°
ny Oa
Cm N[y 4 g0 O my (D.46)
gx mi~x naUtm t ’
m Tirrm 0 877’?77 m
ng :leUy >+gn—|Ut > ) (D47)

au;”
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s T|r7s

Cs, =— NIU?) (D.48)
s T s

Cs, =— NI|U?) (D.49)

where N,, and N, are the shape function vectors for the master and slave interfaces, re-

spectively. The following augmented first derivative of the gap gi";;, which includes the
t

derivatives of both the master and slave displacements, is used for the Jacobian:

0g9

99, U}

— = ¢ . D.50
U

D.2.5.4 Second Derivative of Gap

The second derivative of the gap ¢° is computed from (D.41). The first derivatives of

(D.41) with respect to master and slave displacements: U™ and U}, are summarized as

follows:
OR, [ Na(UP| n) ag0 T ong ¥
m\%Y g T n m oum m
aU;L = . + w | oUm (U |+92 ;iZnT (U
Nm(Uy | My oum
ox* da
— — (U™ D.51
nm oT N (U s T
8R§ = 8‘%2 (U] - el _ e _aas e . (D.52)

The second derivatives of (D.41) is computed by taking the derivative of (D.51) and (D.52)

with respect to U;" and U} as follows:

82R9x 8292 m
= 3N + 2
aum ourour T aumaur T oy
or® 0« O*z® da Oa T\, . .,
B <aa our? " 9a? JUp JUT >|Ut N7

g0 o 02 P
e - 95 Lo

9g% on T onr 90 T OPnr 7
92 ‘Ut ><Ut ’

oum?

WU |+ D™ (D.53)
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O*Ry, Pge . dg° ony on 9g0 T OPn S
oum? _<8Um2 " o 0Ut + auy ouyr aUm29”>|U o7
oy O« *y* da Oa T s m
N <8a ou? " da? OU U™ )'Ut HO
=ny aUtm2|Ut ><Ut | - 8_04(9U[”2|Ut ><Ut |+ Dgy ) (D-54)
O*Ry, 9?¢° oz* o 0%z° da ot da ON,
— n,m __ o s S| _ 9 s s
oU;? (aUtﬂ”gﬂ 0o 0UF? ~ 0a? OU; OU; )|Ut><Ut| Sym{aUt Ba UNU: |}
m 8297(?’/ S S 6178 82 8 S

0*Ry, 92g° oy* o 0%y da da Tt da ON,
— n,,m _ _ s sl _ 9 S
ou;? (aUSQ”y da 9U;* ~ 9a? 0U; 0U; )'Ut A Sym{aUs Ny '}

0240 oy* O«

="y 8U52|US><US| - dav W;Q|Uts><U;| + Df;i ) (D'56)
PRy _( Poy ., O 9g0" 0 o 0%® da o " U]
aumoU; \aurau; 't T aur oU; da OU™OU;  da? U™ OU} b
Oda 0Ny
s D.
T U (U7 (D.57)
9%q° or* O«
nm n m s| _ 27 m s s D.
PR, [ 0% . ony 9g0" 0yt 0%a 0% da o " U
oumouy  \oumoug 't - ou ouy da OUM™OUF  da2 OU™ Uy b
Oda 0N,
s D.
T oUm B i) (U] (D.59)
8 gn m S ays a2a m S ms
=n,’ U (U] — U (UE |+ Dgy : (D.60)

v UM OU; da OUMOU;
Finally, the second derivatives of the gap ¢° are computed by (D.52) - (D.60), using the

identical Jacobian .J; (D.45) for the first derivatives of the gap as follows:

P D

Jg oUy oU; — _ g ( p= {m’ S}, q= {m, 8}) ) (D.61)
_9%a Dpa
ourau} 9y

www.manharaa.com




315

In (D.61), D} are defined as follows:

Dﬂn:(;giggZT 52?5§%T+§Zﬁ;ﬂ—iiié%}éZ;T)W?xwﬂ,(Dﬁm
(BT D T, Py O e 00 Nipywrl o
=~ Gt U~ g e - S S Wi, o
= 20000 T gy B0 Ve gy OO0 T (g
P :<g£ﬂ E)algj‘?}T B (?92528 3(22; 585; T) UM WU | = 8?]0: ON, KX (D.66)
Do :(ggg‘ glgfiT - ?925: 85();; aaUOisT) U] - afl)zm ey (D.67)

The augmented second derivative of the gap, which includes derivatives of the master and
slave displacements, is summarized as follows:

82991 829n 8292 829n

2.0

gn _ aus? ourouy | _ aus? ou oU; (D.68)

U b gy T o, | '
ousou” oum? oumou; oum?

D.2.5.5 First Derivative of Upper and Lower Bounds in Local Coordinate

The computation for the first derivatives of the local coordinates on the integral bounds;

a1 and aw, is identical to the computation of the first derivative of the gap:

0 ni
6?@” ng .. .

Jg|a:a¢ . = - ( P = {m, S}, 1= {1, 2}) R <D69)
ﬁ ng o

where Jy|o—q, represents a Jacobian on an integral bound. The definition of J,, CP and C?,

is summarized at (D.45) - (D.49). The augmented first derivative of o is defined as follows:

o Jay
i ou;
= t ) D.70
U o (D.70)
U™
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D.3 Jacobian of Surface Area (Nanson’s Formula)

The definition of the Jacobian of the surface area is denoted as follows:
37 = JPI(F?) gl = det(FP)[|(F?) Tny| (D.71)

The brief derivation of (D.71) is summarized in the following discussion. First, consider the
traction boundary integral of phase p (p = {m, s}) in the deformed configuration (on I') and

the initial configuration (on I'y):

/F dl §vfo?n? = /F dl VPP b, = /F dr §VPJPab F? ~nk (D.72)
0 0

(2N ]

where n? = {n?} and n{, = {n§,} are the deformed normal and the undeformed normal
of phase p, respectively. The last term of (D.72) uses the relation between the first Piola-
Kirchhoff stress PP and the Cauchy stress o” via the deformation gradient F?. By removing
the integral symbol and extracting infinitesimal small region (AI' and AT'y) along this inte-

gral, the deformed normal is denoted as follows:

AT

nPAT? = JP(FP) Tpb AT = n? = J/(F") 'n} N

(D.73)

Finally, (D.71) is derived by taking the norm of n?:

ATH
Il = PN Il iy =1 = AP = J7|(F7) Infl|ALG = jPATG, (D.74)
3" = JPI(F?) " || = det(FP)||(F7) ol - (D.75)
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Appendix E

Correction Term due to Discontinuous Galerkin Method in Time

This appendix is a brief summary of the correction term due to the discontinuous Galerkin
method in time, which is used in the space-time XFEM. Assuming a following equation which

has a first derivative in terms of time as a strong form:

a(u)% — flu)=0. (E.1)

Mathematically, a time integration should be performed by the continuous time integration
methods such as the continuous Galerkin method. In the following discussion, space-time

slabs for both the continuous and discontinuous Galerkin methods are denoted as follows:

Slab (continuous Galerkin): Q"=Qo [T, T, (E.2)

Slab (discontinuous Galerkin): Q" = Q@|T™, 7" = Q& [T7, T € Q™. (E.3)
The weak form R that corresponds to (E.1) should be defined in Q" as follows:

R :/ dQ w(a(u)% - (u)), (E.4)

Q

where w is an admissible test function. The weak form for discontinuous Galerkin method

is a modification of (E.4). First, (E.4) is split into two parts (Q™ and the rest):

R~ /ndQ w(a(u)% —f(u)) +/f dt/i dQ (a(u)% —f(u)) . (E5)

The first term of RHS is an integral within a space-time slab for the discontinuous Galerkin

method: @". The last term is the correction term due to the discontinuous Galerkin method
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in time. The last term of (E.5) is an integral in a thin slice with a temporal width d;:
=t -1t <1 (E.6)

Then, the last term of (E.5) is modified as follows:

/ti dt/ndQ w(a(u)@_ (u))

/ dQ wa(u / dt/ndef

/dea —_5t/ 49 w f(u)

/g / dt/ndQ( (u) + 30(%“))“
o - (o 852

(wl}a(w)fult —w|a(u)[2ul)

-
A
=],
),
<[,
= [ a0 ulya@lul} - ot u)

_ /: 49wl fau)a]: (B.7)

where -7 and -|” denote values at t” and t", respectively. The blue terms at the above
equation vanish because ¢; < 1. Therefore, the weak form for the discontinuous Galerkin

method is summarized as follows:

r= [ a@u(aw - ) [ 4wl (E8)

where the red term is the correction term due to the discontinuous Galerkin method in time.
By using the above weak form, the continuity between the current and past space-time slabs

is guaranteed using the discontinuous Galerkin method in time.
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Appendix F

Comparison between Simplex Triangulation Approach and

Elementwise Temporal Layer Approach

The elementwise temporal layer approach is used in the proposed space-time XFEM
(Chapter 3). The advantage of the elementwise temporal layer approach is the easy imple-
mentation in terms of the setting of volume integration points. The conventional settings of
spatial volume integration points used in the standard XFEM can be directly applicable for
the space-time XFEM. On the other hand, Lehrenfeld [47] proposed the space-time XFEM
using the simplex triangulation approach. The simplex triangulation approach is a method
that uses the direct decomposition of a space-time slab. A space-time slab is decomposed by
simplices, considering space-time intersection configuration. The simplex triangulation ap-
proach is sophisticated but more complex implementation is essential than the elementwise
temporal layer approach.

Simplex triangulation Elementwise temporal layer

=
S

Figure F.1: Comparison of settings of space-time volume integration points (1)
(non-intersected space-time element)

This.appendixgis,the,comparison between the simplex triangulation approach and the
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elementwise temporal layer approach. This appendix assumes spatially two-dimensional
cases. Figure F.1 is the comparison of the settings of the space-time volume integration points
in a standard (non-intersected) space-time element. (£, 7, 7) are isoparametric coordinates of
(x,y,t), respectively. In the simplex triangulation approach (left figure), an entire space-time
element is firstly decomposed by three-dimensional Delaunay triangulation. Then, space-
time volume integration points are defined within three-dimensional simplices (tetrahedrons)
based on the quadrature rule. Four integration points are defined in each simplex and thus,
there are 24 integration points at the left figure. The right figure is the setting of space-time
volume integration points based on the elementwise temporal layer approach. The space-
time volume integration points distribute on each temporal slice using the conventional
settings of spatial volume integration points in the standard XFEM. Three temporal slices
are defined in each temporal layer and nine integration points in each temporal slice. Thus,
27 integration points for the space-time volume are defined at the right figure. As three-
dimensional Delaunay triangulation is not necessary, this implementation is much easier than

the simplex triangulation approach.

Simplex triangulation Elementwise temporal layer

Figure F.2: Comparison of settings of space-time volume integration points (2)
(intersected space-time element, phase 1)
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Simplex triangulation Elementwise temporal layer

Figure F.3: Comparison of settings of space-time volume integration points (3)
(intersected space-time element, phase 2)

Figures F.2 and F.3 are comparisons of the settings of space-time volume integration
points in a intersected space-time element. Assuming a two-phase case, Figure F.2 is about
phase 1 (negative phase) and Figure F.3 is about phase 2 (positive phase), respectively. The
green face shows a space-time interface. The simplex triangulation approach (left figures)
is based on three-dimensional Delaunay triangulation. Black solid lines denote edges of
three-dimensional simplices. In the elementwise temporal layer approach (right figures),
each temporal layer is corresponding to different spatial configurations. At these figures, two
temporal layers are defined and six temporal slices are determined (three slices in each layer).
Each slice represents the spatial configuration at different time. Black solid lines denote edges
of elementwise temporal slices. The elementwise temporal layer approach is based on the
conventional setting of the standard XFEM. First, the spatial intersection configuration is
created on each temporal slice. Then, two-dimensional Delaunay triangulation is performed
on each slice. The space-time volume integration points on each temporal slice are distributed
on each triangle created by Delaunay triangulation. Therefore, the number of integration
points based on the elementwise temporal layer approach is generally larger than one based

on the simplex triangulation approach.
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Table F.1 is the summary of numbers of space-time volume integration points in Figures
F.1, F.2 and F.3 to compare two methods. As mentioned above, the elementwise temporal
layer approach has more integration points than the simplex triangulation approach at the
case of space-time intersected elements in general. However, the dominant part of space-time
elements in the space-time XFEM is standard (non-intersected) elements like Figure F.1. As
the numbers of space-time volume integration points using both approach are almost identical
in the case of non-intersected space-time elements, the difference in computational cost is
small between two approaches. Moreover, the elementwise temporal layer approach does not
need the direct decomposition of a space-time slab. In particular, the simplex triangulation
for spatially three-dimensional cases using four-dimensional simplices is complex because
Delaunay triangulation is not applicable in the four-dimensional space. The elementwise
temporal layer approach has the beauty to reduce computational costs because the higher-
dimensional simplex triangulation is not needed. In addition, individual temporal slices
are independent from other slices. As the communication between different slices is not

necessary, the elementwise temporal layer approach has a high affinity for the efficient parallel

computations.
Table F.1: Number of integration points in each figure
Element-Type  Figure Simplex Triangulation Temporal Layer
Non-intersected Figure F.1 24 27
Intersected Figure F.2 40 90
Intersected Figure F.3 4 21

The rest of this appendix demonstrates the comparisons between the simplex triangula-
tion approach and the elementwise temporal layer approach using two numerical examples
discussed at preceding chapters. Figure F.4 is a comparison of the DFG 2D-3 benchmark

problem using the space-time XFEM based on both approaches. This numerical example
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is summarized in Section 3.6.2. This figure shows the histories of quantities of interest; the
drag coefficient Cp, the lift coefficient C,, and the pressure drop around a fixed cylinder Ap.
The results are computed by a model with the temporal discretization At = 0.2s and the

spatial discretization h/D = 0.1105 (see Tables 3.4 and 3.7).

35 T T T 0.6
CD CL
3 04
25
02
— 2
a o
o] 15 -]
-0.2
1
0.5 -0.4
) — Simplex Triangulation — Simplex Triangulation
0 : : : 0.6 : : :
0 2 4 6 8 0 2 4 6 8
Time ¢ (s) Time ¢ (s)
25 A T
2
Unsteady flow around a fixed cylinder
15 (DFG 2D-3 benchmark problem)
<) At = 0.2s,h/D = 0.1105
g

—— Simplex Triangulation
= = Temporal Layer

05

— Simplex Triangulation
= = Temporal Layer

0 2 4 6 8
Time 7 (s)

Figure F.4: Comparison of DFG 2D-3 benchmark problem using space-time XFEM
(blue: simplex triangulation approach, red: elementwise temporal layer approach)
(Details of this problem are summarized in Section 3.6.2.)

Table F.2: Comparison of C&x Cmax and Apfin

Approach Cpax  Cmax  Apfin | p(Cmax) ¢ (Omax)
(-) () (kPa) | (s) (s)

Simplex triangulation 3.0876 0.4812 -0.1049 | 3.9600  5.9000

Elementwise temporal layer | 3.0877 0.4809 -0.1050 | 3.9400  5.9000

(At =0.2s, h/D = 0.1105, 11718 DOF's, 400 time steps)

ptoblem is a fixed interface problem; the unsteady flow around a
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fixed cylinder. As can be seen, the histories of these quantities using both approaches are
identical. Table F.2 is a comparison of representative quantities (maximum Cp, maximum
Cy, and final Ap at t = 8s). Although these representative measures are very sensitive
quantities because they are defined by values at one time; i.e. non-integrated quantities,
both approaches reproduced almost identical solutions. Thereby, the equivalence between
the simplex triangulation approach and the elementwise temporal layer approach was verified.

Following examples are computation using moving interfaces. Figure F.5 is a comparison
using a FSI problem based on the Lagrangian-immersed FSI method with the space-time
XFEM. There is a falling elastic cylinder due to a body force in y direction, within the
incompressible Navier-Stokes (INS) fluid. This numerical example is summarized in Section

7.4.1. Figure F.5 shows the histories of the fluid force acting on a cylinder.

1

F — Simplex Triangulation
X = = Temporal Layer

-0.02 0.3
0.2
0.1k — Simplex Triangulation | |
= = Temporal Layer
-0.05 0 '
0 3 6 9
Time 7 (s) Time ¢ (s)

Figure F.5: Comparison of a falling elastic cylinder in INS fluid
(method: Lagrangian-immersed FSI method using space-time XFEM)
(blue: simplex triangulation approach, red: elementwise temporal layer approach)
(Details of this problem are summarized in Section 7.4.1.)
The overall tendency of two approaches in this figure is almost identical. As spikes exist

in both cases, the setting of the space-time volume integration points does not cause these

spikes-in-the Lagrangian-immersed FSI method. This indicates that other factors such as
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FSI between non-matching interfaces, the coupling method (Nitsche’s method or Lagrange
multiplier method), and stabilization method, might cause these spikes.

The last example is the Turek-Hron F'SI3 benchmark problem. This numerical example
is studied by the Lagrangian-immersed FSI method using the space-time XFEM. Details are
summarized in Section 7.4.2. Figures F.6 and F.7 are the histories of quantities of interest;
the tip displacements U'P and U;ip, the drag force Fp and the lift force Fy. This figure
shows results in the completely developed stage (7.6s <t < 8.1s).

In these figures, the black dots represent the reference solution [111]. The blue solid line
and red dashed line denote the results using At = 0.0025s based on the simplex triangulation
approach and the elementwise temporal layer approach, respectively. As can be seen, both
the simplex triangulation approach and the elementwise temporal layer approach computed
almost identical solution. The summary of the mean, the amplitude and the frequency of
representative quantities is listed in Table F.3. While there is small difference between two

approaches, both approaches compute almost identical results.

Table F.3: Comparison using Turek-Hron FSI3
(mean £+ amplitude [frequency(Hz)])
UM (mm) USP (mm) Fp (N) Fr, (N)
[111] —2.69+2.53 [10.9] 1.48 +34.38 [5.3] 457.3 £22.66 [10.9] 2.22 + 149.78 [5.3]
[
[

ST  —2.63+£245[11.1] 1.17433.69 [5.6] 463.4+ 18.85 [11.1] 9.84 %+ 180.50 [5.6]
TL  —2.63+2.44 [11.1] 1.11433.59 [5.6] 461.8+20.00 [11.1] 9.79 + 181.01 [5.6]
([111]: ALE-FSI, ST: Simplex Triangulation, TL: Elementwise Temporal Layer)

The equivalence of the simplex triangulation approach and the elementwise temporal
layer approach in the space-time XFEM is verified using both fixed and moving interface
problems. It should be noted that spikes in drag and lift forces (Figure F.7) are caused by

other factors mentioned at the previous example (Figure F.5).
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Figure F.6: Comparison of tip displacements (Turek-Hron FSI3 Problem)
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Figure F.7: Comparison of drag and lift forces (Turek-Hron FSI3 Problem)
(method: Lagrangian-immersed FSI method using space-time XFEM)
(Details of this problem are summarized in Section 7.4.1.)
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